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ABSTRACT

Surfaces of Minimal Paths from Topological Structures and
Applications to 3D Object Segmentation
Marei Algarni
Extracting surfaces, representing boundaries of objects of interest, from volumetric images, has important applications in various scientific domains, from medicine to
geology. In this thesis, I introduce novel mathematical, computational, and algorithmic machinery for extraction of sheet-like surfaces (with boundary), whose boundary
is unknown a-priori, a particularly important case in applications that has no convenient methods. This case of a surface with boundaries has applications in extracting
faults (among other geological structures) from seismic images in geological applications. Another application domain is in the extraction of structures in the lung from
computed tomography (CT) images. Although many methods have been developed
in computer vision for extraction of surfaces, including level sets, convex optimization
approaches, and graph cut methods, none of these methods appear to be applicable
to the case of surfaces with boundary.
The novel methods for surface extraction, derived in this thesis, are built on the
theory of Minimal Paths, which has been used primarily to extract curves in noisy
or corrupted images and have had wide applicability in 2D computer vision. This
thesis extends such methods to surfaces, and it is based on novel observations that
surfaces can be determined by extracting topological structures from the solution of
the eikonal partial differential equation (PDE), which is the basis of Minimal Path
theory. Although topological structures are known to be difficult to extract from
images, which are both noisy and discrete, this thesis builds robust methods based on

5
Morse theory and computational topology to address such issues. The algorithms have
run-time complexity O(N logN ), less complex than existing approaches. The thesis
details the algorithms, theory, and shows an extensive experimental evaluation on
seismic images and medical images. Experiments show out-performance in accuracy,
computational speed, and user convenience compared with related state-of-the-art
methods. Lastly, the thesis shows the methodology developed for the particular case
of surfaces with boundary extends to surfaces without boundary and also surfaces
with different topologies, such as cylindrical surfaces, both important cases for many
applications in medical image analysis.
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Chapter 1
Introduction

Minimal path methods [2], built on the Fast Marching algorithm [3] (see also [4]),
have been widely used in computer vision. They provide a framework for extracting
continuous curves from possibly noisy images. For instance, they have been used in
edge detection [5] and object boundary detection [6], mainly in interactive settings
as they typically require user-defined seed points. Because of their ability to provide
continuous curves, robust to clutter and noise in the image, generalizations of these
techniques to extract the equivalent of edges in 3D images, which form surfaces, have
been attempted [7, 8]. These methods apply to extracting a surface with a boundary
that forms a curve, possibly in 3D, which is called a free-boundary. Extraction of
surfaces with free-boundary is important because many edges form these surfaces,
and edges are fundamental structures that are prevalent in images. Some applications
include medical datasets (e.g., lung fissures, walls of heart ventricles) [9] and scientific
imaging datasets (e.g., fault surfaces in seismic images, an important problem in the
oil industry) [10]. In [9] an alternative method to extract such surfaces, based on the
theory of minimal surfaces [11], is provided. However, existing approaches to surface
extraction for surfaces with free-boundary have a limitation - they require the user
to provide the boundary of the surface or other users laborious input.
In this thesis, Fast Marching algorithm and techniques from computational topology are used to create an algorithm for extracting the boundary of a surface from a
3D image and a single seed point, and an algorithm to extract the surface. The main
idea is to use Fast Marching to “smooth” a local (possibly noisy) likelihood map of
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the surface in a way that is guaranteed to preserve locations of critical structures,
and then extract the structures with methods, built from computational topology,
that guarantees correct topology. I show that the resulting structures correspond to
the surface of interest, and the surface is a collection of minimal paths. The method
is applicable to any imaging modality, and can be used to extract any simple surface
with a boundary from an image that contains noisy local measurements (possibly
an edge map) of the surface. I demonstrate the method on two applications - fault
extraction from seismic images, and lung fissure extraction from CT.

1.1

Contributions of the Thesis

The contributions are: 1. I introduce the first algorithm, to the best of my knowledge,
to extract a closed 3D space curve forming the boundary of a surface from a single
seed point. It is based on extracting critical structures from a distance produced
by Fast Marching. 2. I introduce a new algorithm, based on extracting a critical
structure of the FM distance, to extract a surface given its boundary and a noisy
image. It produces a topologically simple surface whose boundary is the given space
curve. The surface is shown to be formed from minimal paths. Both boundary and
surface extraction have O(N log N ) complexity, where N is the number of pixels. 3. I
provide a fully automated algorithm using the algorithms described below to extract
all such surfaces from a 3D image. 4. I show that the methodology developed for
surfaces with boundaries can be more generally applied to other surface topologies,
such as surfaces topologically equivalent to a sphere and cylindrical surfaces. 5. The
method has been tested on challenging datasets, and I quantitatively out-perform
comparable state-of-the-art in free-boundary surface extraction.
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1.2

Structure of the thesis

In the rest of this chapter (Chapter 1), I begin by reviewing the work in literature
and related it to the method. Level sets, minimal paths, Graph Cuts, and crease surface methods are reviewed. Then, I list some applications of free-boundary surface
extraction in the domain of seismic and medical imaging. In Chapter 2, computational topology concepts that are used in this thesis such as cubical complex theory,
deformation retracts, and its counterpart collapse operation in the discrete domain
are introduced. I also introduce the basics of Morse theory that are used in the design of my algorithms. In Chapter 3, I will introduce the algorithm to extract a free
boundary surface. This includes both extracting surface boundary curve from a seed
point and a free-boundary surface given the boundary curve. I will also show how
these algorithms can be extended to close surfaces and cylindrical surfaces. In Chapter 4, I will introduce an efficient implementation of the algorithms. In Chapter 5,
I will detail the experiments of the synthetic dataset, seismic dataset, and lung CT
scan dataset. This includes performance and accuracy analysis.

1.3

Related Work

Five bodies of literature for surface extraction, including Crease Surface Extraction,
Level Set Methods, Graph Cut Methods, Minimal Surfaces, and finally Minimal Path
Methods are reviewed. The method builds on the last.

1.3.1

Crease Surfaces Extraction

Perhaps the simplest method for surface extraction, and open surface extraction, in
particular, is a method called Crease Surfaces [1]. The method requires as input the
local the likelihood that a pixel belongs to the surface, which is ideally 0 away from
the surface and 1 on the surface. Since in applications, where the original image can

20
be noisy, the likelihood is typically also noisy, and to cope with this smoothing of the
likelihood map is performed and a local differential operator (based on the smoothed
Hessian matrix) is used to obtain a refined likelihood map that mitigates noise.
The original likelihood map φ is smoothed (for example with a Gaussian), and
the Hessian matrix H, consisting of combinations of second order partial derivatives
are computed. It can then be decomposed into an eigen-decomposition as

H = λu uuT + λv vv T + λw wwT ,

(1.1)

where the eignevalues are ordered as

λu ≥ λv ≥ λw ,

(1.2)

and u, v, w are the corresponding eigenvectors. The local structure of the image
and/or φ can be inferred from their Hessian decomposition, including linear, blob or
ridge structures. For determining pixels that lie on the surface, the smallest eigenvalue λw is a large negative, compared to two small positive eigenvalues. If true, the
eigenvector w should be orthogonal to the surface. The refined likelihood map can
then be formulated to be large when λw is a large negative, and the others are small
negatives.
As in [1] and [12], h vector is computed as follow:

h = (1 − λ)wwT g

(1.3)

where

λ=




0,


(1 −

λv − λw > ε
λv −λw 2
)
ε

otherwise,

(1.4)
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Once the refined likelihood map is computed, connected components of the maxima of this likelihood are computed, obtaining several surfaces within the image.
This method is convenient since it is fully automated. However, it processes raw
data without incorporating geometrical priors on realistic surfaces, it is sensitive to
noise, produces undesirable holes in the surface, and the surface is highly inaccurate,
especially for seismic images, as I show in experiments. This approach has been applied to seismic images for extracting fault surfaces [12], and despite its problems it
is regarded as the state-of-the-art in that field.

1.3.2

Level Set Methods

There are methods in computer vision for incorporating geometrical priors so that
the surface extracted is guaranteed to be, for example, smooth, have no holes, and
other geometrical properties. A large body of literature [13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24, 25, 26, 27, 28] for extracting surfaces with geometrical consistency
is Level Set Methods, primarily emanating from the seminal paper [29]. Although
these methods are not directly used in this approach, they are important historical
information for the methods that I introduced.
Level set methods trace their history in computer vision from active contours, or
snakes, first introduced by Kass et al. [30]. The idea is to evolve an initial closed
curve or closed surface to some features in the image like edges to form the boundary
of an object while keeping the curve or surface smooth, as object boundaries are
typically smooth. Without incorporating smoothness, the curve could get stuck in
fine-scale features of the image, such as noise that is typical in images. The evolution
of the curve is determined by formulating an energy minimization problem on curves
or surfaces. The energy defined in active contours is
Z

1

0

2

Z

|C (q)| dq + β

E(C) = α
0

1

00

2

Z

|C (q)| dq + λ
0

1

g(C(q))dq,
0

(1.5)
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where C : [0, 1] → R2 is a parametric representation of a curve with the constraint
that C(0) = C(1) so that the curve is closed, q is the parameter of the curve, g :
Ω ⊂ R2 → R is the edge stopping function, C 0 and C 00 denote the first and second
derivatives of the curve, and α, β, λ > 0 are parameters that must be chosen. Note the
edge stopping fucntion is chosen as g(x) = 1/(1+|∇I(x)|), where ∇I is the gradient of
the image I. The idea is that the energy is small when the curve is aligned to the edges
due to the third term, and the first two terms are small when the curve is smooth,
as the derivatives are small when the curve is smooth. The minimization of the
energy is performed by a mathematical technique called the Calculus of Variations,
which is a generalization of optimization techniques in finite dimensions, to infinite
dimensions. The optimization works by starting with an initial guess of the curve
(either hand drawn or performed in come semi-automated way), and the curve is
driven to minimize the energy by following the gradient of E, determined by calculus
of variations. The minimization is then a partial differential equation (PDE):
∂
C(p, t) = αCpp (p, t) − βCpppp (p, t) − ∇g(C(p, t)),
∂t

(1.6)

where t is an artificial time parameter that parametrizes the evolution of the curve.
The original active contours model, however, has several drawbacks, including
that it is difficult to implement in a numerically stable fashion. Indeed to implement
it, the curve must be discretized and represented by a finite set of particles, and this
presents problems, for example, a resampling strategy must be used to cope with
growth and shrink of the curve. Also, it is possible that due to image noise the
curve may self-intersect, and this must be avoided to prevent instabilities. Level set
methods [29] have been derived to avoid all of these complications with representing a
curve with particles, and provides a numerically convenient way to implement a curve
evolution. Level set methods are geometric methods in the sense they do not depend
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on a particular way of parameterizing the curve and do not keep track of particles. As
such, they are typically used to implement evolutions that are geometric. A geometric
evolution similar to the original active contours model is known as Geodesic active
contours and was introduced by [31] to make use of level set methods. To derive a
geometric evolution, a geometric energy (depending only on the geometry of the curve
and not the way the curve is parameterized) is considered. The energy functional is
given by
Z
E(C) =

g(C(s))ds,

(1.7)

C

where s denotes the arc-length, ds is the arc-length measure, and the curve C is
parametrized with arclength parameterization. By using arc-length, the energy is
geometric. The term, geodesic, comes from the fact that a geodesic is a curve that
minimizes length, and the approach minimizes a weighted length. Note the derivative
terms in the original active contour model no longer appear. This is because by
incorporating the arc-length measure, length of the curve is minimized while keeping
the curve close to image edges. Since length is minimized, the curve becomes smooth
as non-smooth curves typically have large length. The curve evolution to minimize
the energy is given by
∂
C = −(∇g · N )N + κgN,
∂t

(1.8)

where N is the inward normal vector to N , and κ is the curvature of the curve. The
first term drives the curve to image edges and the second term smooths the curve
while slowing down the smoothing near image edges.
The geometric curve evolution for Geodesic active contours was implemented using
Level Set Methods so that the numerical difficulties with the original active contours
model could be addressed. Level Set Methods introduced in [29] evolve curves or
surfaces by implicitly representing them as the zero-level set of a function defined on
the image domain Ω. For curves, the level set function is a function Ψ : Ω ⊂ R2 → R
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(and for surfaces, R2 is replaced by R3 ). Thus, the curve evolution is transformed to
an evolution of a function in two dimensions. The level set function maps the image
plane at any time t to the space of real numbers, Ψ : R+ × R2 → R. The zero level
set of Ψ is set to be the curve C at each time t:

Ψ(t, C(t, p)) = 0

∀p ∈ [0, 1]

(1.9)

Given that the curve evolves according to
∂
C(p, t) = F (p, t),
∂t

(1.10)

where F is some function, the evolution of the level set function can be obtained by
computing the time derivative of (1.9), which gives
∂
Ψ(t, x) = −∇Ψ(t, x) · F (p, t)
∂t

(1.11)

where x = C(p, t) is on the curve, and ∇ denotes the spatial derivative. Note that
one must extend F to points outside of the curve. For geodesic active contours, the
level set evolution is
∂
Ψ(t, x) = ∇g(x) · ∇Ψ(t, x) + g(x)|∇Ψ(t, x)|div
∂t



∇Ψ(t, x)
|∇Ψ(t, x)|


.

(1.12)

The evolution of the curve is thus converted to an evolution of a function defined
on the entire image. The advantage of this approach is that resampling strategies as
used in particle implementations are not needed, and the method can naturally handle
splitting and merging of curves naturally without any additional effort. Further, they
can be implemented in computationally efficient ways so that the cost is nearly the
same as particle-based methods.
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Although the Geodesic active contour implemented with level set methods is more
numerically convenient than original active contours, active contours require an initialization, and in general, such methods are sensitive to the initialization. This is
because they are based on minimization of energies that are non-convex and are optimized with local optimization methods. While advances in level set based methods
have come for certain energies by relaxing them to a convex optimization problem,
and then applying convex optimization techniques, they are not applicable to extraction of open surfaces using the geodesic active contour energy, and in fact neither are
level set methods.

1.3.3

Minimal Path Methods

The method for surface extraction is built on the theory of minimal paths [4, 2]. This
theory gives a globally optimal method for optimizing the energy for Geodesic active
contours (1.7) for the case of open contours, not open surfaces. The method will
show how the theory can also be applied to extract open surfaces, but first, let us go
through the original theory.
Let S ⊂ Ω ⊂ Rn (n ≤ 2) be a closed set, which can, for example, be a point, a
closed curve or a closed surface in Rn (Ω is the image domain). I consider the following
problem that generalizes the geodesic active contour energy to Rn for curves with one
endpoint q fixed and the other lying in S:
Z
inf

γ∈Γq

0

1

φ(γ(t)) |γ 0 (t)| dt := inf Lφ (γ)
γ∈Γq

(1.13)

where φ : Ω → R+ is a local cost, γ : [0, 1] → Ω is an open curve that belongs to the
set of curves defined by

Γq = {γ : [0, 1] → Ω : γ(0) = q, γ(1) ∈ S} .

(1.14)
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Notice that dsγ = |γ 0 (t)| dt is the arclength element of the pathγ, and thus
Z
Lφ (γ) =

1

φ(γ(t)) |γ 0 (t)| dt

(1.15)

0

is a weighted length of γ (the weight φ being spatially dependent). Thus, it can be
seen that (1.13) is the weighted length of the smallest weighted length path starting
from q and ending at any point on S. Minimal path theory determines such a path
of globally minimal weighted path length.
It can be shown that the globally optimal path from q (or even any point in Ω)
can be determined by solving the eikonal partial differential equation:



|∇U (x)| = φ(x) x ∈ Ω\S


U (x) = 0

.

(1.16)

x∈S

Indeed to compute the globally minimal weighted path length from a point q, one can
follow the negative gradient to the set S by solving the following ordinary differential
equation (ODE):



γ 0 (t) = −∇U (γ(t)) t > 0

.

(1.17)



γ(0) = q
The path traced out by the above ODE is guaranteed to end at some point in S, and
is guaranteed to be the globally minimal weighted path. Note one can choose q to be
any point and trace out the path using the same U to find the minimal path from
any other point. The proof of this fact can be shown by first showing that the path
defined by (1.17) satisfies the Euler-Lagrange equation for Lφ , which is given by

∇Lφ (γ) = ∇φ(γ(s)) −

d
(φ(γ(s))γs (s)) = 0,
ds

(1.18)

where s is the arc-length parameter, and the sub-script denotes the derivative. So-
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lutions to the Euler-Lagrange equation is known to be a local optimizer. With an
additional argument based on the Principle of Dynamic Programming, one can show
that this local optimizer is in fact the global optimizer. The solution of the eikonal
equation U evalutated at a point q gives the weighted length of the minimal path
from q to S. For this reason, U is referred to as a distance function.
A fast numerical method to solve the eikonal equation for U is known as Fast
Marching Method [32], and described next. It can be shown that the solution of the
eikonal equation is equivalent to evolving the set S in its outward normal direction
with a speed 1/φ, i.e.,



 ∂L = 1 N
∂t
φ

t>0



L(0) = S

t=0

.

(1.19)

At each point x, the distance U at x is the time t that the front L arrives at x. This
fact gives an efficient scheme to compute the solution of U and is the basis for the
Fast Marching algorithm. Indeed, the idea of the algorithm is simply to evolve the
surface S (propagating the level sets of U outward) and simultaneously recording the
arrival times t at the each of the points of L(t, .) using a discretization of the eikonal
equation (3.1).
Specifically, the Fast Marching algorithm starts by initializing the distance to zero
at points on S and infinite elsewhere. The algorithm updates an array of labels that
marks points as ALIVE, TRIAL or FAR. FAR points have not been visited, TRIAL
points that are to be visited, and ALIVE points are visited points. The points on S
are initially marked as TRIAL and all other points are marked as FAR. All TRIAL
points are added to a heap (ordered so that the minimum value is on the top of the
heap). At each iteration, the point at the top of the heap is removed and labeled as
ALIVE. The neighbors of the removed point are then added to the heap if they are
marked as ALIVE. Those points have values determined by solving a discretization of
the eikonal equation using current values of distances. Any neighbor that is marked
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as ALIVE has its distance value updated by resolving the eikonal equation at the
point. The method works in any dimensions. The algorithm pseudocode is given
below:

Algorithm 1 Fast Marching
1: lij: label of the pixel ij
2: Initialize, Uij = 0 ∈ S, lij =TRIAL ∈ S
3: Initialize Uij = ∞ ∈
/ S, lij =FAR ∈
/S
4: repeat
5:
im , jm = argminij∈T RIAL Uij
6:
lim ,jm = ALIV E
7:
for neighbor kl ∈ im , jm do
8:
if lkl = FAR then
9:
lkl = TRIAL
10:
end if
11:
if lkl = ALIVE then
12:
(max(u − Ui−1,j , u − Ui+1,j , 0))2 + (max(u − Ui,j−1 , u − Ui,j+1 , 0))2 = φij
13:
set Ukl = min(u, Ukl )
14:
end if
15:
end for
16: until all grid points have been marked ALIVE

The Fast Marching method is known to have better accuracy than discrete algorithms based on Dijkstra’s algorithm [33]. The computation of minimal paths based
on Fast Marching has been used in 2D images to compute edges of images, guaranteeing that the edge does not have gaps and is smooth. This is especially useful as
edges traditionally computed using differential operators are noisy, and produce gaps.
A limitation of the minimal path approach is that it requires the user to input two
points - the initial and ending point of the curve. In [5], endpoints are successively
detected automatically based on extrema of the Euclidean length of minimal paths,
but the algorithm’s stopping criteria to determine the endpoint of the curve or edge
of interest is sensitive to noise and other fine image features. These methods are not
directly applicable to extracting a surface forming an edge in 3D, which is of interest
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in this thesis.

1.3.4

Attempts at Surface Extraction by Minimal Paths

In [8], minimal paths are used to extract a surface edge topologically equivalent to a
cylinder. The user inputs the two boundary curves of the cylinder (that must lie in
a 2D plane) and minimal paths joining a point on one curve to the other curve are
computed conveniently using the solution of a partial differential equation, which is
described next. The collection of all minimal paths from points in the first planar
curve to the other is embedded as the zero level set of a function Ψ. Let U to be
the distance function from the second planar curve to all points in the volume. Since
minimal paths are parallel to ∇U and ∇Ψ is perpendicular minimal paths as minimal
paths are the zero level set of Ψ, the PDE for Ψ is

∇Ψ(x) · ∇U (x) = 0,

(1.20)

for points on the zero level set of Ψ. Extending the constraint given by equation
(1.20) to the whole domain Ω will give a sufficient condition for determining Ψ(x).
To enforce smoothness, regularization is added, which yields the PDE



∇Ψ(x) · ∇U (x) − αΨ(x) = 0 x ∈ Ω − ∂Σ


Ψ(x) = d∂Σ (x)

,

(1.21)

x = ∂Σ

where ∂Σ is first planar curve, d(∂Σ) is the sign distance to ∂Σ, defined on the plane
where Σ lies. This is a transport equation that can be solved using finite difference
methods. Note the transport equation transports the data d∂Σ along the gradient of
U toward the plane of the second curve. While the method deals with the problem
of gaps in the surface when naively computing a series of minimal paths by following
the gradient of U from the first curve to the second curve, the method is sensitive to
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the choice of α, which must be chosen carefully. Further, the method only applies to
the special cylindrical topology, which is not sufficient for the applications that are
considered in seismic images.
Surface extraction with less intensive user input (i.e., without the two boundary
curves) was attempted in [7]. There, a patch of a sheet-like surface is computed with
a user-provided seed point and a bounding box, with the assumption that the patch
slices the box into two pieces. The algorithm extracts a curve that is the intersection
of the surface patch with the bounding box using the distance function to the seed
point obtained with Fast Marching. Once this boundary curve is obtained, the patch
is computed using [8]. The obvious drawbacks of this method are that only a patch
of the desired surface is obtained, and a bounding box, which may be cumbersome
to obtain, must be given by the user.

1.3.5

Graph Cut Methods

Another popular approach for determining curves and surfaces in images is Graph
Cuts. An advantage over traditional level set methods is that some energies may be
optimized to give a globally optimal solution. Although the method cannot directly
deal with open surfaces, which is of interest in this thesis, a review of some of the
Graph Cut literature is described next since some of the techniques are used as a
sub-routine of the algorithm.
Graph Cuts is a general and powerful discrete optimization tool that is used in
many fields since 1960 [34, 35, 36, 37, 38, 39, 40, 41, 42] . It is used widely in
computer vision applications such as segmentation, optical flow estimation and much
more. Graph cuts can be applied to a discretization of the geodesic active contour
energy and can be used to solve a variant of that problem. Problem description and
its basic idea for optimization are summarized next. Given a graph G = (V, E), which
is a collection of vertices and edges, with edges of the form (u, v) where u, v ∈ V . The
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Figure 1.1: Example graph construct with source and sink. Cut is green dashed line.
graph could, for example, be formed from pixels in the image as images and adjacent
pixels to a pixel forming the edges. Denote two special vertices s and t, called the
terminal and sink nodes. Define a cut to be a collection of edges that divides the
graph into two disjoint components, S and T with edges (u, v) in the cut such that
u ∈ S and v ∈ T . Further, it is required that s ∈ S and t ∈ T so that the source and
terminal nodes are in separate sets. Note that for each edge (u, v) ∈ E, there is a cost
c(u, v) associated with the edge. The Graph Cut problem is to find the minimum
cut, i.e.,
min

S,T ⊂V,S∩T =∅,s∈S,t∈T

X

c(u, v).

(1.22)

(u,v)∈E,u∈S,v∈T

That is, the problem is to find disjoint subsets S and T , containing s and t, respectively, with minimum sum of costs along edges joining S and T (See Figure 1.1). Note
that a cut is approximately equal to the integral along the contour in geodesic active
contours.
The optimization of the problem above can be accomplished by looking at the dual
problem, which is achieved by a theorem called Max-Flow Min-Cut. The problem is
converted to a problem of determining maximum flow in a network, for which there
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have been many algorithms developed in the network theory literature. I now define
the flow and the max flow problem. The problem assumes the same setup as the
Graph Cut problem, i.e., a graph, terminal and source nodes, and costs for edges. A
flow f is a function defined on edges and satisfies the following properties:
1. Capacity constraint:
0 ≤ f (u, v) ≤ c(u, v).

(1.23)

2. Flow Conservation:
X

∀u ∈ V \{s, t},

f (u, v) = 0.

(1.24)

{v∈V : (u,v)∈E}

3. Skew Symmetry:
∀(u, v) ∈ E, , f (u, v) = −f (v, u).

(1.25)

The goal of the maximum flow problem is to maximize the amount of flow being
distributed from the source node to the terminal node, i.e.,

max
f ∈F

X

f (s, v),

(1.26)

{v∈V : (s,v)∈E}

where F is the set of flows that satsify the three constraints above. The maximum
flow problem relates to the minimum cut problem by the following theorem:
Theorem 1.3.1 (The Max-flow/Min-cut Theorem). In a flow network (G, s, t, c) the
following holds:

max
f ∈F

X
{v∈V : (s,v)∈E}

f (s, v) =

min

S,T ⊂V,S∩T =∅,s∈S,t∈T

The proof can be found in [43].

X
(u,v)∈E,u∈S,v∈T

c(u, v).

(1.27)
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By converting the min-cut problem to a max-flow problem, one can make use of
the wealth of algorithms for the latter problem. One of the most popular and first
algorithms to achieve this is Ford-Fulkerson algorithm [44]. It works by finding paths
from node s to t with a valid flow and argument path until no more flow is possible.
It uses depth-first-search (DFS) to find these paths. When no more flow is available,
the minimum cut can be extracted as the set of saturated edges (where the flow
equals the edge cost), which partitions the graph. Following this idea, the BoykovKolmogorov algorithm [35] improved the search process by storing the search history.
This algorithm to solve max-flow is the one that is most widely used algorithm in
computer vision.
Another set of network flow algorithms used in computer vision is minimum cost
circulation network flow (MCNF) [45, 46, 47, 48, 49, ?]. These algorithms do not
require source or sink. It works by finding negative cost cycles and augmenting them
as in max-flow, but it constructs cycles instead of flows from s to t. Extensive study
and comparisons of MCNF algorithms can be found in [38].

1.3.6

Minimal Surface Approaches

The original Graph Cut problem does not directly apply to the case of open surfaces
(surfaces that do not partition the image into disjoint sets). However, given the 3D
boundary of the surface, which is a curve in 3D, one can solve a discrete graph-based
generalization of the Geodesic active contours problem to surfaces. The method,
known as minimal surfaces, was presented first in [11] and later re-introduced in
computer vision in [50, 9].
The algorithm determines the surface whose boundary is a given 3D curve c and
minimizes the following energy:
Z
E(S) =

φ(x)dS(x),

subject to ∂S = c,

(1.28)
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where dS(x) denotes the surface area element, and ∂S indicates the boundary of the
surface (as illustrated in Figure 1.2). Thus, the problem is to minimize a weighted
surface area. Although it is argued that minimal surfaces are more natural extensions
of the 2D shortest path problem to 3D than minimal path-based methods for surface
extraction, there is no compelling reason for choosing a surface that has the bias to
minimal surface area and that prior may or may not be relevant in applications.
One can optimize this energy in a globally optimal manner by discretizing the
energy. The minimization problem can be solved as a linear program, and a globally
optimal solution can be obtained. Indeed, [11] reformulates the energy minimization
in discrete form as
min wT z, subject to Bz = r
z

(1.29)

where z ∈ Rn (n is the number of pixels in the image) is a vector formed from
rasterizing the pixelized image domain and indicates whether the pixel is on the
surface, w ∈ Rn is a weight vector formed from rasterizing the function φ(x), B ∈
Rn .

m

is the incidence matrix of faces and edges of the graph formed from image pixels

and assuming 6-neighbor connectivity, and rRm is the indicator function indicating
the boundary curve c. Note that z and r are binary vectors. The problem 34, when
the indicator functions are relaxed, is a linear program, and this can be solved by any
linear programming (LP) solver.
Sullivan in [11] extended the LP program to be solved by MCNF, as LP solvers
tend to be slow for large problems. Grady in [9] used this result for surface extraction
from 3D images. While the approach is computationally faster than the LP, it has
two drawbacks. First, it requires a guess for the initial surface whose boundary
is the given boundary curve, and there is no general algorithm for producing this
initialization. In general, the method could result in a different solution for different
initializations. Second, since the saturated edge do not result in partitions, it requires
extra post-processing to extract the set of edges belonging to the surface, which is a
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Figure 1.2: [Left]: Schematic of minimal surface formulation. [Right]: Fault surface
extraction result using LP
difficult problem in itself and it is time-consuming [51] [52]. Moreover, MCNF is still
very slow for practical applications as I will show later in this thesis.
The main drawback of these minimal surface methods is that the user must input
the boundary of the surface. Determining the 3D boundary of a surface is a difficult
problem in itself, and I am not aware of the existence of a method for this task.
Therefore, the user must enter the 3D curve by hand, which is cumbersome and
laborious to perform. The method proposed in this thesis generates the boundary
automatically, as well as generating the surface. The proposed surface extraction
is computationally much quicker than minimal surface approaches as we will see in
experiments.

1.4

Applications

An open surface (free-boundary surface) can be depicted as a sheet of paper floating
in space. More formally, an open surface is a 2D manifold with boundary that is a
1D curve. Both the surface and the boundary are embedded in 3D space. In various
scientific domains, information from the 3D world is captured as a 3D volumetric
images. Two major areas of 3D imaging are seismic and medical 3D images. In this
thesis, I experimented with one object from each domain. However, there are many
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more objects that can be represented as open surfaces. Here, I will mention some of
these examples.
3D seismic images are used to investigate the subsurface data for many reasons
such as oil and gas exploration, mining and construction. The two major objects
that geophysicists and geologists interpret to gain insight of the subsurface data are
horizons [53, 54, 55, 56, 57, 58, 59] and faults [60, 10, 61, 62, 60, 63, 64]. Both
horizons and faults are modeled as open surfaces. Seismic faults are discontinuities
in subsurface data due to significant geological displacement as a result of rock mass
movement during plate tectonics, earthquake or other geological processes. Geologists
and geophysicists are highly interested in interpreting fault surfaces because it can act
as barriers or conduits for oil and gas reservoir. Also, they are important in planning
drilling operation and they have a high influence on the mechanical behavior of the
rocks around them. In fact, the method was initially motivated by this application due
to its importance in oil and gas exploration and the limitation of available methods
in the literature. Thus, throughout this thesis and in experiment section, I presented
various results for fault surface extraction. Horizons are a boundary that separate
two layers in subsurface data due to the difference in lithology (rocks properties and
contents). A horizon is shown in Figure 1.3. Geologists and geophysicists need to
identify horizons to determine the depth and spatial location of important geological
layers such as the layers that contain oil, gas or minerals.
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Figure 1.3: Four interpreted seismic horizons shown (horizontal surfaces). From top
to bottom, green, blue, red, orange
Medical images capture volumetric information using methods such as magnetic
resonance imaging (MRI), computed tomography (CT) and ultrasound imaging. The
purpose of medical images is to study the human anatomical structures from volumetric images. A lot of effort in medical imaging is devoted to detect and segment many
structures in an automated manner. Examples of a free-boundary surface in medical
images includes lung fissures [65, 66, 67, 68, 69], knee cartilage [70, 71, 72], and heart
ventricles [73, 74, 75]. Lung fissures are thin structure that separate different lobes
in the lung and help in their expansion. Figure 3.16 shows lung fissures. Each lung
(left and right lung) has an oblique fissure to separate upper lobe from lower lobe.
The right lung has a horizontal fissure to separate upper lobe from middle lobe. Knee
cartilage is a coat of tissue that exists where two bones meet as a joint. The detection
of knee cartilage can be modeled as an open surface with free boundary. Figure 1.4
right, shows knee cartilage in orange color. The boundary of the surface is shown in
red.
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Figure 1.4: Other example application [Left]: Left ventricle surface extraction from
CT scan. [Right]: Knee cartilage surface extraction from MRI

Heart ventricles are a cavity or chamber the can be filled with fluid in the human
heart. It exists in the lower part of the heart. There are two ventricles in the human
heart. The right and the left ventricle. Each ventricle can be modeled as open
chamber as can be seen from Figure 1.4, which shows the left ventricle in green color
and its boundary in yellow.
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Chapter 2
Mathematical Preliminaries

2.1

Introduction and Motivation

In this chapter, the necessary background in topology, computational topology, and
Morse theory, will be introduced. These subjects form the basis for my surface extraction algorithm. Roughly speaking, topology is the study of properties of shapes,
called topological spaces, that are invariant to continuous deformations. For example,
consider the surface of a donut; a topological property of this shape is that it has one
hole. No matter how the donut is deformed (so long as there are no tears), there will
always be one hole. Existence of holes is one of many topological properties. My algorithms for surface extraction will extract certain topological structures from data, and
thus I will present the necessary background from topology. Topology was initially
designed without much thought on how one could infer topological structures from
data stored on computers. Computational topology is an area that seeks to construct
algorithms for extracting topological structures from discrete data. Since the aim is
to create practical algorithms, I build on computational topology, specifically, cubical
complexes. Finally, since the methods will extract topological structures of functions
defined on manifolds, i.e., certain topological spaces, rather than directly from topological spaces, I review the necessary background material from Morse theory. Morse
theory studies properties of topological spaces through invariants of certain functions,
called Morse functions, defined on the topological space. The algorithms will extract
certain topological structures of functions defined on manifolds, through constructions
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in Morse theory called the Morse complex and the Morse-Smale Complex.

2.2

Basic Topology

In this chapter, some of the basic topology definitions that are used to define a deformation retraction are reviewed. A deformation retraction is a continuous transformation from one topological space to another that preserves some important topological
properties. It is a fundamental operation in my algorithms for surface extraction. The
definitions in this section will build up to the definition of deformation retraction.

2.2.1

Topological Spaces and Continuous Functions

I begin with some of the standard definitions that will be used throughout this dissertation. These definitions will help us to define the meaning of topologically equivalent
(such as a two-dimensional sphere and a surface of a cube) or topologically distinct
(such as a two-dimensional sphere and the surface of a doughnut, i.e., a torus). The
definitions from 1 to 4 are largely from [76].
Definition 1 (Topological Space). A topological space consists of a set X and a
collection of subsets T of X that satisfy the following properties:
 X ∈ T, ∅ ∈ T.
 (Closed under unions) Given a collection of subsets Ui ∈ T , i ∈ J in which J

is some index set, then ∪i∈J Ui ∈ T .
 (Closed under finite intersections) Given a finite collection of subsets Ui ∈ T ,

i ∈ J where J is some finite index set, then ∩i∈J Ui ∈ T .
The elements of T are then called the open sets in X, and their complements are
called closed sets in X. Sometimes a set X with topology T is then referred to as
the topological space (X, T ).
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Given a topology T for X, the elements of T are said to be open sets in X. A
subset is called closed if its complement in X is open.
As an example, consider the set X consisting of real numbers R. In the standard
(or Euclidean) topology on R we call a subset U of R open if and only if for every
element p ∈ U we can find an open interval (a, b) = {x|a < x < b} so that p ∈ (a, b) ⊂
U.
The topology on R can be constructed by declaring that all intervals (a, b) to be
open. Then construct all sets obtained from these by forming arbitrary unions of
open intervals and finite intersections of these. This then produces all open sets.
As a second example, consider the Euclidean topology on Rn . Here all the ndimensional open balls, i.e. sets of the form {y|||x0 − y|| < r} which has center x0 ,
radius r and where ||.|| represents the Euclidean distance. Then define a set U to be
open if for every p ∈ U we can find an open ball B so that p ∈ B ⊂ U .
There is a simple method to also defined a topology on a subset, called the induced
or subspace topology which is defined next.
Definition 2 (Induced Topology). Let S be an arbitrary subset of Rn . The topology
induced on S consists of the intersection of open sets in Rn with S. Then a subset
V of S is said to be open in this topology if V = S ∩ U with U open in Rn .
As a simple example consider a circle in R2 , centered at the origin with a radius
equal to 1. The points on this circle can be parametrized by an angle θ between 0
and 2π. The set of points on the circle for which the angle θ is in the interval (0, π)
is an open set because it is the intersection of the circle with the set of points (x, y)
for which y > 0, a set that is open in R2 .
The definition of the topology given above will lead to the definition of continuity
that is standard in topology. Since I consider continuous maps on topological spaces
in my algorithms, I state the definition here.
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Definition 3 (Continuous Maps). Let X be a set with topology TX and Y be a set
with topology TY . A map h : X → Y is a continuous map if for any open set V in
Y (i.e. V ∈ TY ) its inverse image h−1 (V ) = {x ∈ X|h(x) ∈ V } is open in X.
In my algorithms, we will be deforming sets and it is important that these sets
are not broken up into separate pieces. Therefore it is important to ’preserve’ the
topology, and to be able to say the end-result of the algorithm has the same topology
as the set we began with. In topology, these two objects are said to be homeomorphic,
which is a concept that is define next. As we will see later this concept is too limiting
for our purposes.
Definition 4 (Homeomorphism). Let X and Y be topological spaces. A homeomorphism between X and Y is a continuous map h : X → Y , which is a bijection
and for which the inverse h−1 : Y → X is also continuous. Two spaces X and Y are
homeomorphic if there exists a homeomorphism h : X → Y .
Examples of homeomorphisms are given next [77]:
Example 2.2.1. A two-dimensional sphere is homeomorphic with the surface of a
cube. This is shown by considering a sphere of radius 1 centered at the origin and a
cube of side length 2 also centered at the origin. Given a point x on the surface of
the cube, we can consider the half-line tx (t > 0), which intersects the sphere in a
single point t0 x. One can then show that h(x) = t0 x obeys the properties given in the
definition.
Showing that a two-dimensional sphere is not homeomorphic to the surface of a
torus is harder, because one needs to show that there is no homeomorphism. A reason
why they are not homeomorphic is provided by studying what happens if we delete a
single point from the 2-sphere. As defined below, we see that the complement of the
point in the two-dimensional sphere can be deformed to a point. The complement of a
point on a torus can only be contracted to a union of two circles that meet at a point.
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The issue here is that homeomorphic spaces have the same dimension which is
restrictive for our purpose becuase my algorithms will be used to deform spaces to
lower dimensional spaces.
In fact, topologist uses the concept of a homotopy to define continues deformation.
Thus, I define homotopy next [78].
Definition 5 (Homotopy). Let X and Y be topological spaces. A homotopy between
X and Y is a continuous map H : X × [0, 1] → Y . Two continuous maps f : X → Y
and g : X → Y are homotopic iff there exists a homotopy H : x × [0, 1] → Y so that:

H(x, 0) = f (x); H(x, 1) = g(x); ∀x ∈ X

and we write f ∼ g.
Intuitively this definition means that for a given point x ∈ X, the continuous
curve H(x, t) in Y connects f (x) = H(x, 0) to g(x) = H(x, 1).
With this definition at hand, we come to the concept which is also topology
preserving in a strict sense, namely a deformation retract [78].
Definition 6 (Strong Deformation Retract). Let X be a topological space, and A
a subset of X then A is a (strong) deformation retract of X iff there exists a
homotopy H : X × [0, 1] → X so that:
 H(., 0) = idX
 H(x, 1) ∈ A ∀x ∈ X
 H(a, t) = a ∀a ∈ A ∀t ∈ [0, 1]

Thus, a deformation retract is simply a family of continuous maps that continuously “shrinks” or contracts a topological space to a subset of the space.

44
Example 2.2.2. The origin 0 in Rn is a strong deformation retract of Rn . This is
easy to see when we define the maps H(x, t) = (1 − t)x. Then H(x, 0) = x for all x,
whereas H(x, 1) = 0 for all x. If we fix any point x, then the curve H(x, t) moves the
point along its ray to the origin 0.
I now come to the more flexible definition of topological equivalence that is standard in topology, namely that of homotopy equivalence. For any topological space
X, let idX be the identity map on X (mapping a point to the same point) [78].
Definition 7 (Homotopy Equivalence). Two topological spaces X and Y are homotopy equivalent if continuous maps f : X → Y and g : Y → X exist so that
g ◦ f ∼ idX and f ◦ g ∼ idY , where the ∼ denotes homotopic.

2.3

Discrete Topology

Since I will be dealing with data (images) that are discrete, my algorithms will be
defined in the discrete domain, and so I need to present analogous topological definitions in the discrete domain. Thus, my aim is this section is to mimic some of the
previous topological definitions in the discrete domain.
The analog to a topological space in the discrete domain that will form the basis
of my computational algorithms is a cubical complex. The idea is to create a complex
space in discrete domain, we start by linking together simple pieces, analogous to
constructing a topological space by simpler sets that induce the topology. In the next
section, we will see how these pieces are defined and linked together to form a cubical
complex.

2.3.1

Cubical Complexes and the Collapse Operation

My algorithm uses the framework of cubical complexes [79]. This framework allows
for performing operations analogous to topological operations in the continuum. It
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has been used for thinning surfaces in 3D based on their geometry [80] to obtain
skeletons (or medial representations [81]) of geometrical shapes. This is proven to be
robust to noise or fine topological features. In contrast to [80], the method is designed
to robustly extract ridges of a function or data defined on a surface (defined by Fast
Marching), rather than geometrical properties of a surface [80] [82] [83].
I now introduce notions from cubical complex theory, which is the basis for the
algorithms in future sections. This theory defines topological notions (and computational methods) for discrete data that are analogous to topological notions in the
continuum. The notion of free pairs, i.e., those parts of the data that can be removed without changing topology of the data, is pertinent to the algorithms. Since
the algorithms I define require the extraction of lower dimensional structures (ridge
curves from surfaces, and valley surfaces from volumes), it is important that the algorithms are guaranteed to produce lower dimensional structures with correct topology.
The theory of cubical complexes (e.g., [84, 80]) guarantees such lower dimensional
structures are generated with homotopy equivalence to the original data.
The data (either a curve, surface or volume) will be represented discretely by
a cubical complex. A cubical complex consists of basic elements, called faces, of
d-dimensions, e.g., points (0-faces), edges (1-faces), squares (2-faces) and cubes (3faces). Formally, a d-face is the cartesian product of d intervals of the form (a, a + 1)
where a is an integer. We can now define a cubical complex (see Figure 2.1) as follows.
Definition 8 (Cubical Complex). A d-dimensional cubical complex is a finite set
of faces of d-dimensions and lower such that every sub-face of a face in the set is
contained in the set.
The algorithms consist of simplifying cubical complexes by an operation that
is analogous to the continuous topological operation of deformation retraction, i.e.,
the operation of continuously shrinking a topological space to a subset, which was
presented earlier. For example, a punctured disk can be continuously shrunk to its
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cubical complex

not cubical complex

free 1D faces

free 2D faces

Figure 2.1: [Left two images]: Illustration of faces that form a cubical complex (left)
and faces that do not form a cubical complex (0,1,2-faces are marked in red, green
and orange). The missing 1-face and 0-faces circled in blue on the right are not in
the complex, but they are sub-faces of other faces in the set. [Right two images]:
Example of 1-face, 0-face free pairs, and 2-face, 1-face free pairs (circled in blue).
boundary circle. Therefore, the boundary circle is a deformation retraction of the
punctured disk, and the two are said to be homotopy equivalent. We are interested in
an analogous discrete operation, whereby faces of the cubical complex can be removed
while preserving homotopy equivalence. Free faces (see Figure 2.1), defined in cubical
complex theory, can be removed simplifying the cubical complex, while preserving a
discrete notion of homotopy equivalence. These are defined formally as:
Definition 9. Let X be a cubical complex, and let f, g ⊂ X.
g is a proper face of f if g 6= f and g is a sub-face of f .
g is free for X, and the pair (g, f ) is a free pair for X if f is the only face of
X such that g is a proper face of f . If g is not free, it is called isthmus.
The definition provides a constant-time operation to check whether a face is free.
For example, if a cubical complex X is a subset of the 3-dim complex formed from a
3D image grid, a 2-face is known to be free by only checking whether only one 3-face
containing the 2-face is contained in X.
In Chapter 3, I construct cubical complexes for the evolving front produced from
the Fast Marching algorithm, and retract this front by removing free faces to obtain
a lower dimensional ridge curve that lies on the surface that we wish to obtain. I also
retract a volume to obtain a valley, which forms the surface of interest.
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2.4

Manifolds and Calculus of Functions on Manifolds

The objects of interest in this thesis are surfaces in R3 . In order to extract such
surfaces from image data, I will need to use functions defined on surfaces. In this
sub-section, I present the definitions for a manifold, which encompasses a surfaces
and generalizations to any dimension. Since I will need to extract certain structures
that are defined by differentiation of functions on manifolds, I will also introduce
differentiable manifolds and basic calculus on manifolds.

2.4.1

Manifolds

Although the intuitive definitions of surfaces involve graphs of functions of two variables, the abstract definition of a manifold is more suitable for our purposes. In this
subsection, the definitions and examples from [85]. First I a local set of a coordinate
system (also known as a coordinate chart) on a set S ⊂ Rn is defined.
Definition 10. Let S be a subset of Rn a local coordinate system on S consists of an
open set U ∈ Rn , an open set W ⊂ Rm and a 1-1 differentiable function φ : W → Rn ,
φ(y1 , ..., yk ) = [φ1 (y1 , ..., ym )...φn (y1 , ..., ym )]T ], such that:
1. φ(W ) = S ∩ U
2. The derivative matrix Dφ = [∂i φj (y)] has rank equal to m at each point y ∈ W .
3. φ−1 : φ(W ) → W is continuous.
One also says that φ gives a local parametrization of the set U ∩ S.
With this, manifolds that are subsets of Rn are defined:
Definition 11 (Manifold). A subset S of Rn is an m-dimensional closed manifold
when we have available the following data describing S: A collection of (special)
open subsets Ui of Rn hat cover S: S ⊂ ∪i Ui . For each Ui a local parametrization
φi : Wi ⊂ Rm → Ui ∩ S.
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Remark. The manifolds defined in this way are closed in the sense that there are no
m
boundary points. To also allow for boundary points Rm
+ = {x ∈ R |x1 ≥ 0} is defined

as the halfspace consisting of points whose first coordinate is non-negative, and the
m
m
hyperplane Rm
0 = {x ∈ R |x1 = 0}. We then allow for some i φi : Wi ⊂ R+ → Ui ∩ S

to be homeomorphism. The points that are for some i in the image of φi (Wi ∩ Rm
0 )
then constitute the boundary of S.
Remark. When the dimension m = 1, we call the manifold a curve instead of a onedimensional manifold. When the dimension m = 2, we call the manifold a surface.
Example 2.4.1. The graph of a smooth function f (x, y) defined on R2 is then a
smooth 2-dimensional manifold, via φ(x, y) = (x, y, f (x, y). Similarly, a subset S of
R3 that is near every point represented as the graph of a function of two variables,
which we can represent as z = f (x, y) or x = g(z, y), etc. is a smooth 2 dimensional
manifold in R3 .
If we suppose that S is a smooth m-dimensional manifold in Rn , described by the
coordinate systems (Ui , φi ). we can define a smooth function on S:
Definition 12 (Smooth Function). A function h : S → R is smooth if for each i
the composition h ◦ φi : Wi → R is smooth in the sense of multi-variable calculus,
meaning that partial derivatives of all orders of this this function exist.
Example 2.4.2. This is an example of a smooth function on a manifold that we will
use extensively in this work. Let S be a surface in R3 , and P be a given point in R3 ,
for example, the origin. Define h(x) = ||x − P ||2 the square of the distance of x to
P . One can verify that h is a smooth function on S. If the point P is not contained
in S, the function h(x) = ||x − P || is also a smooth function on S,
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2.4.2

Calculus on Manifolds

With the previous definition, we are now ready to define derivatives of smooth functions on a manifold. In particular, we can define the differential dh, the gradient ∇h,
and the second derivative, the Hessian of h, Hh, of a function h : S → R, from the
surface to the real line. Also, higher order derivatives can be defined, but they are
not important for my algorithms. The definitions in this subsection are largely from
[86].
To define the first and second order derivatives mentioned in the previous paragraph, the meaning of smooth parametrized curve on the surface needs to be defined.
This is simply a mapping γ : (−1, 1) → S from an interval (−1, 1) on the real line to
the surface S, so that the intersection of γ with each local coordinate system (Ui , φi )
has the property that φ−1
i ◦ γ, wherever defined, is smooth.
At any parameter t, the derivative γ 0 (t) =

d
γ(t)
dt

then defines a tangent vector to

S at the point γ(t). When we consider a point x ∈ S and consider smooth curves γ
passing through x at t = 0, γ(0) = x, then the set of all such γ 0 (0) constitutes the
tangent space to S at x, and is denoted by Tx S.
Let h be a smooth function on a manifold S for which we need to define the
gradient and its Hessian.
Definition 13 (Gradient of a Smooth Function). Let h be a smooth function on a
surface S. We define the gradient ∇h(x) of the function h at the point x ∈ S as
the tangent vector to S at x which has the following property. Let v ∈ Tx S be any
tangent vector. Let γ be a smooth curve through x with velocity v, i.e., γ(0) = x and
γ 0 (0) = v, then, ∇h(x) has the property that:

∇h(x) · v = (h ◦ γ)0 (0) =

d
h(γ(t)) at t = 0.
dt

This definition uniquely defines ∇h(x) as a tangent vector to S at x and is the
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direction of maximum increase of the function. These properties agree with those of
the ordinary gradient of a function defined in Rn .
With the definition of the gradient of a function h defined on a surface S we can
now define the gradient vector field of h as solutions of a certain differential equation
that is defined on S.
Definition 14 (Gradient Vector Field and Gradient Flow). Given a smooth function
h on a manifold M the gradient vector field is the mapping ∇h : M → T M , i.e.,
the mapping that takes a point on the manifold to the gradient of the function at the
point, which is located in the tangent space.
The gradient flow is the solution curve γ : R → M on M that satisfies the
differential equation
γ 0 (t) =

d
γ(t) = ∇h(γ(t)),
dt

with initial condition γ(0) given.
The time-t map or gradient flow map is the transformation of M , which maps
every point x0 = γ(0) ∈ M to its location at time t along the gradient flow, γ(t) ∈ M .
An important property of the gradient flow of h is that it increases the value of h
along solutions since
d
h(γ(t) = ∇h(γ(t)).∇h(γ(t)) ≥ 0
dt
and is equal to zero precisely when ∇h(γ(t)) = 0. This happens when the solution
is at a critical point of h. For most initial conditions, following the gradient flow for
positive time increases the value of the function h. When the manifold is compact,
any solution γ(t) tends to a critical point as t → ∞ and usually to a different critical
point with a lower value of h as t → −∞.
Another quantity that is important for the development of Morse theory is to
describe the type of each critical point of h through its Hessian Matrix, a square
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symmetric matrix consisting of second derivatives. For a smooth function f (t, s) of
two variables t and s we may consider its mixed partial derivative at (0, 0), namely
∂t ∂s f (t, s) at t = 0, s = 0. To define the Hessian of the function h on a surface
S, consider a parameterized family of curves γ(t, s) on S, with γ(0, 0) = x, with γ
parameterized as γ : (−1, 1)2 → S.
Definition 15 (Hessian). Let h : S → R be a smooth function. Let γ(t, s) :
(−1, 1)2 → S be a parametrized family of curves with γ(0, 0) = x. Let ∂s γ(0, 0) =
v, ∂t γ(0, 0) = w. Both v and w are tangent vectors to S at x The Hessian of h at x
is the symmetric matrix Hh(x) with the property that always

Hh(x)v · w = ∂s ∂t h(γ(t, s))|t=0,s=0

.
Remark. In the case of a function h : R2 → R2 , the Hessian reduces to the Jacobian
of the gradient of ∇h, where the gradient of h on R2 is just the vector of partial
derivatives, as stated below:
Definition 16 (Hessian in R2 ). The Hessian of h : R2 → R at a point p is defined
as the symmetric 2 × 2 matrix

Hh (p) =



∂xi ∂xj h(p)

where i, j = 1, 2 and ∂xi denotes the partial with respect to the i-th argument of h.

2.4.3

Critical Structures

In this sub-section, I will define certain structures of functions defined on a manifold,
which is important for my algorithms in subsequent sections, as the algorithms will
extract such structures robustly in order to extract surfaces. In fact, the algorithms
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will extract one-dimensional “critical curves” from a function on a surface and a “twodimensional critical surface” from a function defined on R3 . Such critical structures
are where the function obtains certain generalizations of local maxima and minima.
Thus, in this sub-section, I present such generalizations of maxima and minima. Note
that although I present definitions based on differential operators, my algorithms will
compute them differently based on constructions in Morse theory so as to obtain
a robust procedure in the presence of noise in real data. In such real data, direct
differentiation does not yield robust algorithms. The differential definitions are more
intuitive, and by relating them to constructions in Morse theory, I will explain why I
have chosen to use constructions in Morse theory for my algorithms, which may not
be intuitive.
First, I define critical points, which are where local minima and maxima necessarily occur:
Definition 17 (Critical Point). A critical point x0 of a function h : M → R on a
manifold M is a point where the gradient vanishes, i.e., ∇h(x0 ) = 0.
To determine whether the critical point is a local maxima or local minima or
a saddle point, one checks the definiteness of the Hessian matrix on the manifold.
Indeed, a negative definite Hessian indicates a maxima, and a positive definite matric
indicates a minima. Note that a local minima means that locally the function increases
in all directions in the tangent space of the point, and a local maxima means that
the function decreases in all directions in the tangent space.
In the design of my algorithms, I will also be interested in so called generalized
maximum and generalized minimum, where the function increases or decreases in
subspaces of the tangent space rather than the entire tangent space. Let us now give
a formal definition of these critical structures. Let V be an nxk matrix with columns
v1 ∈ Rn to vk ∈ Rn , which denote a basis for the sub-space of directions in defining
generalized extrema. Then one can define a generalized extremum as a point such
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that all directional derivatives of the function vanish for directions in the sub-space
and the Hessian restricted to the sub-space is either positive or negative definite for
a minimum or maximum, respectively. The formal definition [87] is the following:
Definition 18 (Generalized Extremum). Let h : M ⊂ Rn → R where M is an
n − 1 dimensional manifold.
 A generalized maximum of type n − 1 − k at x0 is such that V t ∇f (x0 ) = 0

and V t Hf (x0 )V is negative definite, where Hf denotes the Hessian matrix.
 A generalized minimum of type n − 1 − k at x0 is such that V t ∇f (x0 ) = 0

and V t Hf (x0 )V is positive definite.
The condition on the Hessian in the definitions above ensure that the generalized
extrema is convex (concave) in the subspace of directions spanned by V for minima
(maxima). In the algorithms for surface extraction to be presented later, I will extrema generalized extrema that form curves (1-dimensional) from a surface and a
surface (2-dimensional) from R3 . The definition above does not by itself guarantee
that, for example, a type 1 extrema in dimension n − 1 = 2 forms only a curve.
For instance, consider the function h(x, y) = −(x2 + y 2 ) then each point is a type 1
generalized maximum, i.e., moving in the direction tangent to level sets satifies both
conditions above. However, the plane is not a one dimensional structure.
One way of specializing generalized extrema to avoid the case in the example
above of a type 1 extrema in two dimensions from being a two-dimensional structure
is to add additional conditions related to the function’s curvature. This can be done
by requiring that the matrix V be composed of eigenvectors of the Hessian. In the
case of the type 1 maxima, that ensures that the gradient is zero in the direction of an
eignevector and that the second derivative in that same direction has greatest absolute
value. This greatly restricts generalized extrema. The case of the generalized maxima
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restricted to V being eignevectors of the Hessian is called a ridge and a generalized
minima is called a valley. Ridges and valleys are formally defined by [87] as follows.
Definition 19 (Ridge and Valley). Let h : M ⊂ Rn → R where M is an n − 1
dimensional manifold. Let λ1 ≤ · · · ≤ λn−1 and e1 , . . . , en−1 ∈ Tx M , be eigenvalues
and eigenvectors of the Hessian Hh(x) at x ∈ M . Let k < n − 1.
 A point x ∈ M is a n − 1 − k dimensional ridge point of h if λk < 0 and

∇h(x) · em = 0 for m = 1, . . . , k.
 A point x ∈ M is a n − 1 − k dimensional valley point of h if λn−k > 0 and

∇h(x) · em = 0 for m = n − k, . . . , n − 1.
Although my algorithms are designed to extract one-dimensional generalized extrema that may not be ridges or valleys, I have provided the definitions of ridges and
valleys for completeness. I will ensure that a one-dimensional generalized extrema is
obtained by constructions in Morse theory, which I show to satisfy the conditions of
generalized extrema, and by construction are already one-dimenisonal.

2.5

Morse Theory

The algorithms extract topological structures from functions defined on the image
domain and manifolds embedded in the image. I give formal definitions for these
topological structures, called the Morse complexes. Intuitively, Morse theory [86]
arose from how the topology of level sets of certain “well-behaved” smooth functions
change as the level value is changed. For instance, consider the solution set S of a
system of equations. One may fix a coordinate direction, for example xn and consider
the subset for which xn = c, where c is a constant. This produces a set Sc , the slice
of S at level c in an n − 1 dimensional space. If we can understand what this set
Sc looks like with c varying, then one can reconstruct S from its slices. If one does
this for sphere in three dimensions, one would expect to see as possible shapes for
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Sc : the empty set, when c is too high or too low, a point, or a circle, and stitching
these together one can reconstruct the original sphere itself. As one increases c one
follows the gradient flow of the function xn , which can be used to see how the space
is deformed and reduced to simpler pieces.
In the next sub-sections, I give a formal definition of a Morse function, and then
the Morse complex, which is defined through gradient flows.

2.5.1

Morse Functions

Morse functions are smooth functions whose critical points are “non-generate”:
Definition 20 (Morse Function). A smooth function h : M → R is a Morse function if all its critical points are isolated and non-degenerate.
I now define non-generate:
Definition 21 (Non-degeneracy). A critical point of a function h is non-degenerate
if the Hessian of h is non-singular.
In other words, a point is non-degenerate if none of the eigenvalues of Hh (p) are
equal to zero. Therefore we can change coordinates so that the function near the
critical point has a simple form:

f (x1 , ..., xn ) = c +

X

λi x2i ,

with λi being the eigenvalues of the Hessian. One can change coordinates even further
to have the simpler form:

f (x1 , ..., xn ) = c +

X

±i x2i .

The importance of the requirement of non-degeneracy is that one can easily understand how level sets of f change, by knowledge of simple quadratic functions. This
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Figure 2.2: Morse Lemma (2D case): level sets in a neighborhood of a point are
related by a change of coordinates to one of these forms.
allows for a simple classification of critical points. If a critical point x0 of f is degenerate its higher order terms in the Taylor series of f at x0 determine the topological
change in shape with changing value of the level. Even including cubic terms the
classification is vastly more complicated and thus Morse thoery greatly simplifies the
analysis of functions by only considering functions with a non-degneracy condition
on its critical points. Indeed, for the two-dimensional case, Morse functions have a
simple characterization, as shown in Figure 2.2, which is known in the literature as
the Morse Lemma. The figure shows the shape of level sets near any point of a Morse
function. Note non-degeneracy also implies that critical points are separated from
each other since near a critical point the gradient is equal to zero only at the critical
point. Therefore there are no curves that consist exclusively of critical points.
Although Morse functions may seem to be overly restrictive, they are in fact good
approximations to any smooth function. Indeed, for any smooth function, one can
find an arbitrarily close Morse function (in C 1 norm) to the given function. This is
because non-degeneracy is not stable: a small perturbation of a dengerate function
will make critical points non-degenerate. Such a perturbation may result in more
critical points (sometimes fewer) that importantly all have a simple description. This
lack of stability also means that one usually does not encounter these situations.
My algorithms in the continuum will be defined for Morse functions, as certain
constructions, such as that of the Morse complex will require it. However, when the
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algorithms are discretized, one does not need to make any assumptions with respect
to the Morse condition in order for the algorithms to function.

2.5.2

Morse Complex

I now define the Morse complex. The Morse complex will allow me to develop a more
robust way to extract generalized extrema than computing them with differential
operators as suggested by the earlier definitions. Such differential operations are not
robust to noise, which is a significant aspect in the applications that I consider.
I will now define the ascending and descending manifolds of a critical point as
all points on a path along the negative (positive, respectively) gradient direction
that leads to the given critical point. A path on a manifold M is a mapping γ :
[0, ∞) → M . A gradient path (defined earlier) is specified by the differential equation
γ 0 (t) = ±∇h(γ(t)), where h is some function defined on M . Formally, the ascending
and descending manifolds of a critical point p of h are defined as follows [88]:
Definition 22 (Ascending and Descending Manifolds). Let h : M → R be a function
and p be a critical point of h. The ascending manifold at p is

A(p) = {x ∈ M : there exists γ : [0, ∞) → M such that
γ(0) = x, γ(∞) = p, γ 0 (t) = −∇h(γ(t))}. (2.1)

The descending manifold at p is

D(p) = {x ∈ M : there exists γ : [0, ∞) → M such that
γ(0) = x, γ(∞) = p, γ 0 (t) = ∇h(γ(t))}.
(2.2)

For instance, consider the function h : R2 → R defined by h(x, y) = x2 + y 2 . Its
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Figure 2.3: [Left]: Ascending and descending manifolds of a one-dimensional function. [Right]: Descending manifolds of a two-dimensional function (each color represents a separate descending manifold).
ascending manifold at the critical point 0 is A(0) = R2 as all negative gradient paths
lead to the origin. Note also that D(0) = 0. See Figure 2.3 for visualizations.
The ascending manifolds of local minima decompose the manifold M into disjoint
sets. Similarly, the descending manifolds of all local maxima decompose the manifold
M into disjoint open sets. The latter decomposition forms the Morse complex of h,
and the former is the Morse complex of −h. I will use the Morse complex in future
sections, and thus I state it in a definition below:
Definition 23 (Morse Complex). Let h : M → R be a Morse function. The complex
of descending manifolds of f is called the Morse complex.
Remark. I illustrate the meaning of the Morse complex and the cells in the Morse
complex when the manifold is a surface.
 The 0-dimensional cells correspond to the local minima of h
 The 1-dimensional cells correspond to the descending manifolds (curves) of sad-

dle points of h. The ends of these descending manifolds are ’glued’ to local
minima. The 1-complex then corresponds to the union of local minima and
descending manfiolds of saddle points.
 The 2-dimensional cells correspond to the descending manifolds (two dimen-

sional surfaces homeomorphic to a disk) of local maxima of h. Their boundaries
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are ’glued’ to the 1-complex. We note that usually (but not always) the closure
of such a two dimensional a descending manifold is a disk with its boundary
containing two local minima m1 , m2 and two saddle points s1 and s2 , with the
descending manifolds of each si end in in m1 for one branch and m2 for the
other branch. We can then visualize these are quadrangles, see [89, 90].
One can similarly define the ascending Morse complex of h, via its ascending
manifolds.

2.6

Summary and Outlook

The purpose of this chapter was to present the background tools that are fundamental
for my algorithms for extracting one and two-dimensional topological structures from
three-dimensional datasets. Without proper tools from topology, one can easily have
much difficulty in designing algorithms. For example, if one desires to extract a onedimensional structure from a two-dimensional surface, or a two-dimensional surface
from volumetric data, one would like to guarantee that the algorithm produces the
correct dimension. The framework of cubical complexes and computational topology
allows one to have such guarantees. By adopting the computational topology framework and Morse theory, several geometric and topological properties of the extracted
objects can be guaranteed even with a high level of noise in the data.
In the next chapter, I will apply the tools from Morse theory and computational
topology to design algorithms to extract a boundary curve of a surface and the surface
itself from volumetric data. I will show how the use of Morse theory and computational topology makes the algorithms both efficient and robust.
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Chapter 3
Surface Extraction: Theory and Algorithms

In this chapter, I will introduce my algorithms for free-boundary surface extraction.
Recall that a free-boundary surface in this thesis will mean a surface topologically
equivalent to a sheet of paper in three dimensions, whose boundary is unknown and
must be determined by the algorithms. I build algorithms for free-boundary surface
extraction by building on the theory of minimal paths, computational topology, and
Morse theory. First, an overview of the methods will be presented. After that, I will
illustrate in detail the design of discrete algorithms for extraction of the boundary
curve of the free boundary surface. Then, the discrete algorithm for the extraction
of the surface will be presented. Although the algorithms were initially designed for
free-boundary surface extraction, I will also show how the methods can be adapted to
extracting other surface topologies, including closed surfaces (topologically equivalent
to a sphere) and surfaces topologically equivalent to a cylinder. This shows the
generality of my methodology. To my knowledge, no other framework allows for
consistent methodology in extracting all of these different surface topologies.
As one will notice by the end of this chapter, my novel algorithms building on the
aforementioned theories are designed to achieve a practical and efficient framework
to extract free-boundary surfaces and other surfaces.
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3.1

Overview of Method

The input to my algorithm is a single seed point anywhere on the free boundary surface. This is a great advance compared to existing techniques that require an entire
boundary curve of the surface as input. The algorithm consists of the following steps
(see Figure 3.1):
i) Weighted Distance to Seed Point Computation: From a given seed point
on the surface, the Fast Marching algorithm is used to propagate a front to compute
shortest path distance from any point in the image to the seed point (Section 3.2.1).
ii) Maximal Curve Extraction: At samples of the propagating front, the maximal
curve (a generalized 1-D maxima) of the Euclidean path distance of minimal paths to
the seed point are computed by removing points on the front from least to greatest
distance while preserving topology (Section 3.2.2). This results in a closed curve that
lies on the surface of interest.
iii) Surface Boundary Detection: At snapshots, a graph is formulated from curves
from the previous step, and is cut along locations where the Euclidean distance between points on adjacent curves are small, resulting in the outer boundary of the
surface when a cost threshold is exceeded (Section 3.2.4).
iv) Surface Extraction: Finally, points in the image excluding the cut curve are
removed from highest to lowest based on weighted distance to the seed point while
preserving topology - resulting in the desired surface (Section 3.3).

3.2

Surface Boundary Extraction

In this section, I present the algorithm for extracting the boundary curve of a freeboundary surface from a possibly noisy local likelihood map of the surface defined in a
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Front Propagation

Ridge Extraction

Boundary Detection

Surface Extraction

Figure 3.1: Overview of SurfCut. Starting from a user specified seed point on the
surface, a front is propagated (left), curves are extracted (middle left), a cut of these
curves is performed forming the boundary (middle right), and the surface is extracted
(right).
3D image. The algorithm consists of retracting the fronts (closed surfaces) generated
by the Fast Marching algorithm to obtain ridge curves on the surface of interest.
I therefore briefly review Fast Marching in the first sub-section before defining the
novel algorithms for surface extraction. The reader may consult the first chapter for
a more detailed exposition of Fast Marching.

3.2.1

Fronts Localized to the Surface With Fast Marching

Fast Marching Method [3] is used to generate a collection of fronts that grow from
a seed point and are localized to the surface of interest. I denote by φ : Ω ⊂ R3 →
R+ , a possibly noisy function defined on each pixel of the given image grid. It has
the property that (in the noiseless situation) a small value of φ(x) indicates a high
likelihood of the pixel x belonging to the surface of interest.
Fast Marching solves, with complexity O(N log N ) where N is the number of
pixels, a discrete approximation to U : Ω ⊂ R3 → R+ , the solution of the eikonal
equation:



|∇U (x)| = φ(x) x ∈ Ω\{p}

(3.1)



U (p) = 0
where ∇ denotes the spatial gradient (partials in all coordinate directions), and p ∈ Ω
denotes an initial seed point. For this situation, p is required to lie somewhere on
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the surface of interest. The function U at a pixel x is the weighted minimum path
length along any path from x to p, with weight defined by φ. U is called the weighted
distance. Minimal paths can be recovered from U by following the gradient descent
of U from any x to p. A front (a closed surface, which I hereafter refer to as a front
to avoid confusion with the free-boundary surface) evolving from the seed point at
each time instant is equidistant (in terms of U ) to the seed point and is iteratively
approximated by Fast Marching. As noted by [2], a positive constant added to the
right-hand side of (3.1) may be used to induce smoothness of paths. The front,
evolving in time, moves in the outward normal direction with a speed proportional
to 1/φ(x). Fronts can be alternatively obtained by thresholding U at the end of Fast
Marching. The solution of (3.1) is continuous, and can be approximated as smooth
since the solution is a viscosity solution [91], and so a limit of smooth functions.

3.2.2

Contours on the Surface from Front 1D Maxima

If one choose the seed point p to be on the free-boundary surface of interest, the
front generated by Fast Marching will travel the fastest when φ is small (i.e., along
the surface) and travel slower away from the surface, and thus the front is elongated
along the surface at each time instant (see Figure 3.3). The algorithm is based on
the following observation: points along the front at a time instant that have traveled
the furthest (with respect to Euclidean path length), i.e., traveled the longest time,
compared to nearby points, lie on the surface of interest. This is because points
traveling along locations where φ is low (on surface) travel the fastest, tracing out
paths that have large arc-length.
This property can be more easily seen in the 2D case (see Figure 3.3): suppose
that we wish to extract a curve rather than a surface from a seed point, using Fast
Marching to propagate a front. At each time, the points on the front that travel the
furthest with respect to Euclidean path length lie on the 2D curve of interest. This
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Figure 3.2: Fast march travel in 2D [Left]: Fast marching fronts (green). [Right]:
Minimal paths from a front (yellow). It shows that the local maxima of Euclidean
length of minimal paths on front lies on curve of interest
has been noted in 2D by [5]. In 3D (see Figure 3.3), we note this generalizes to a
one-dimensional generalized maxima of Euclidean minimal path length UE (defined
next) are on the surface of interest. The Euclidean minimal path length UE is defined
as follows. Define a front F = ∂{x ∈ Ω : U (x) ≤ D} where ∂ denotes the boundary
operator. The function UE : F → R+ is such that UE (x) is the Euclidean path length
of the minimal weighted path (w.r.t to the distance U ) from x to p.
Computationally, UE is easy to obtain by keeping track of another function UE :
Ω → R+ in Fast Marching for U . One follows the ordered traversal of points according
to Fast Marching in solving for U , and simultaneously updates the value of UE based
on a discretization of (3.1) with φ chosen equal to 1. This gives the Euclidean length
of minimal paths determined from U .
The fact that one-dimensional generalized extrema lie on the surface is visualized
in the right of Figure 3.3. Points on the intersection of the surface and the front are
such that in the direction orthogonal to the surface, the minimal paths have Euclidean
lengths that decrease. This is because φ becomes large in this direction, thus minimal
paths travel slower in this region, so they have lower Euclidean path length. Along
the surface, at the points of intersection of the surface and front, the path length may
increase or decrease, depending on the uniformity of φ on the surface. This implies
that points on the intersection of the front and surface are ridge points of UE |F .
I now give an analytic argument that common points to the surface and the front
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Figure 3.3: [Top left]: The evolving Fast Marching (FM) front at two different time
instances in orange and white. The function 1/φ evaluated at x is the likelihood
of surface passing through x, and is visualized (red - high values, and blue - low
values). The fronts are localized near the surface of interest. Ridge points of UE , the
Euclidean path length of minimal weighted paths, lie on the surface of interest. [Top
right]: This is more easily seen in 2D where the local maxima of the Euclidean path
length (red balls) of minimal paths (dashed) are seen to lie on the curve of interest.
The green contour is a snapshot of the front. [Bottom]: Schematic in 3D with a front
(blue), surface (green), and several minimal paths (orange). Orthogonal to the surface
where the surface intersects the front, the Euclidean path length decreases. Along the
surface, the path lengths may increase or decrease. This indicates a one-dimensional
generalized maxima.
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Figure 3.4: Schematic of quantities in the proof of Proposition 1.
are one-dimensional generalized maxima.
Proposition 1. Suppose S ⊂ Ω is a smooth surface and p ∈ S. Consider the front
F = {U = D} and suppose x ∈ S ∩ F then x is on a one-dimensional maxima of
UE : F → R, where UE (y) is defined as the Euclidean length of the minimal path from
y to p. One assume that locally φ is larger on S than points not on S.
Proof. Let x ∈ S ∩ F and let N be a normal vector to S at x. We choose a neighborhood Vx ⊂ Ω around x so that S is approximately flat and φ is approximated
as
φ(x) =




K

1

x∈
/ S ∩ Vx



K 2

x ∈ S ∩ Vx

,

where K1 > K2 > 0, which are constants. Let us consider a point y = x + εN , where
ε > 0 is small, and the minimal path from y to p (see Figure 3.4). We note that
minimal paths within Vx \S will be straight lines as φ is uniform in that region. For
ε > 0 small enough, one can find q ∈ S on the minimal path from x to p so that
the minimal path from y to p is the straight line path from y to q appended to the
minimal path from q to p. It can be noticed that if we let ` = |x − q| then

U (x) = U (q) + K2 `.
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Also,
√
U (y) = U (q) + K1 `2 + ε2 ,
and any point z on the line between y and q will have
√
U (z) = U (q) + tK1 `2 + ε2

where t ∈ (0, 1). If we search for the point z on the line between q and y on the front
F , which has U (z) = U (x), we find that

t=

`
K2
√
< 1.
K 1 ` 2 + ε2

Therefore, the Euclidean length of the minimal path from z to p is

UE (z) =

K2
` + len(γq,p )
K1

where len(γq,p ) is the length of the minimal path from q to p. Notice this has less length
than the path from x to p, which is UE (x) = ` + len(γq,p ). Therefore, UE (z) < UE (x).
So moving in the direction N along F reduces the Euclidean length of minimal paths.
This same argument holds for any z within Vx along the direction −N from x. This
implies that x ∈ F ∩ S is a one-dimensional ridge point of UE .
This tells us that points of the front that are on the surface must be part of onedimensional maxima, and so we restrict our attention to what we refer to from now
on as maximal curves on the front as possible points on the surface.

3.2.3

Maximal Curve Extraction Using the Morse Complex

Since computing generalized extrema directly from Definition 19, using differential
operators, is sensitive to noise, scale spaces [92, 93] are often used. However, that
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approach, while being more robust to noise, may distort the data, and it is often
difficult to obtain a connected curve as the maximal curve. Therefore, I derive a
robust method by making use of the Morse complex and cubical complex theory to
extract the maximal curve of interest from the data UE . By my construction, it will
be easy to see that the generalized extrema are in fact of the right dimension, that is,
one-dimensional and does not in particular degenerate to a 2-dimensional structure,
which is undesired. Cubical complex theory guarantees the correct topology of the
desired maxima (as a 1-dimensional closed curve) in the discrete domain.
Relation Between Maximal Curves and Morse Complex: In the following
proposition, we note that certain one-dimensional generalized maxima of a smooth
function can be computed by computing ascending manifolds. We assume that M is
a 2-manifold. See Figure 3.5 for a visual explanation of this proposition.
Proposition 2. Boundaries of ascending manifolds of h are generalized maxima of
h.
Proof. Suppose that x ∈ ∂A(p1 ) then for any neighborhood Vx sufficiently small
around x, we have that ∂A(p1 ) ∩ Vx divides Vx , i.e., Vx = [Vx ∩ A(p1 )] ∪ [Vx ∩ A(p2 )]
(p1 6= p2 ) for the case when Vx intersects two ascending manifolds. Note that −∇h(y)·
N2 > 0 for y ∈ Vx ∩ A(p2 ) where N2 is the inward normal to ∂A(p2 ) when Vx is small
enough. If this were not the case, then paths following the negative gradient would
intersect the boundary ∂A(p2 ), which is not the case since they flow into p2 . By a
similar argument, −∇h(y)·N2 < 0 for y ∈ Vx ∩A(p1 ). Since the function h is assumed
smooth and thus the gradient is continuous, we must have that ∇h(x) · N2 = 0.
Further, the function is decreasing away from x along the directions ±N2 as points
in Vx \{x} belong to ascending manifolds. Therefore, the point x is a local maximum
in the direction N2 . Ridges satisfy this property. Hence, boundaries of the ascending
manifolds are one-dimensional generalized maxima. See Figure 3.5 for a visualization
of this argument.
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Figure 3.5: Structure of interest and relation to the Morse Complex. Boundaries
between ascending manifolds form one dimensional generalized maxima, i.e., maximal
curves. [Left]: There are two ascending manifolds A(p1 ) and A(p2 ) and the boundary
between them ∂A(p1 ). If ones follows the gradient descent path from any point on
the interior of A(p1 ) one will go to a unique minima. Also, following the gradient
descent on all points on the interior of A(p2 ) will lead to a minima on the outside (not
shown). [Right]: It can be noticed that the boundary between ascending manifolds
meets where the gradient in the direction normal to the ascending manifold boundary
is zero. Also, on either side close to the boundary, the gradients in the N1 direction
are increasing towards the maximal curve. Thus, this confirms that such a curve is a
one-dimensional generalized maxima. These one-dimensional generalized maxima in
the form of curves are what we seek to be on the surface of interest.
Algorithm for Maximal Curves via Morse Complex: Next, I specify a
discrete algorithm to determine the Morse complex of −UE |F . The boundaries of
ascending manifolds can then be used to extract the relevant maximal curve (1D
generalized maxima). The front is retracted to the maximal curve by an ordered
removal of free faces based on lowest to highest ordering based on UE |F .
Given a front F , obtained by thresholding the distance U , the two-dimensional
cubical complex CF of the front is constructed as follows. Let Zn = {0, 1, . . . , n − 1}
be a sampling of a coordinate direction of the image. Then
 CF contains all 2-faces f in Z3n between any 3-faces g1 , g2 with the property that

one of g1 , g2 has all its 0-sub-faces with U < D and one does not.
 Each face f of CF has cost equal to the average of UE over 0-sub-faces of f .

The algorithm for Morse complex extraction and boundaries of the ascending

70
manifolds is given in Algorithm 2. The algorithm creates holes at local minima of
the function UE |F defined on 1-faces by removing the adjacent 2-faces. It then removes free faces in increasing order of UE |F so as to preserve homotopy equivalence.
The removed points associated with a local minimum form the ascending manifold
for the local minimum. The faces that cannot be removed without breaking homotopy equivalence, i.e., the isthmus faces, form the boundaries of the ascending
manifolds. The algorithm removes all 2-faces and preserves only isthmus 1-faces, and
hence the remaining structure of CF is one dimensional. Further, since the algorithm
preserves homotopy equivalence, the remaining structure at the end of the algorithm
is connected. This is a clear advantage over computation of ridges from differential
operators, which does not guarantee connectedness. A heap is used to keep track
of the faces in order. The computational complexity of this extraction is, therefore,
O(N log N ) where N is the number of pixels, an over-estimate since the faces in the
complex are significantly lower than the number of pixels.
Ideally, in the case of clean data φ, the function UE defined on the front would
have a rather simple topology, indeed a volcano structure (see left image in Fig. 3.6),
where the maximal curve separates the inside of the volcano from the outside. The
two minimum of UE on each side of the ridge would correspond to points away from
the surface in the direction of the surface normal. In this case, the previous algorithm
would produce the inside of the volcano, and the outside as two components of the
complex, and the boundary between them as the ridge, as desired. However, due to
noise other ridge structures besides the main ridge of interest can be extracted.
Fortunately, the extracted collection of maximal curves can be simplified from the
previous algorithm by applying the algorithm iteratively. I construct a new complex
with a 2-face for each ascending manifold computed, and a 1-face connecting 2-faces
if two corresponding ascending manifolds have intersecting boundaries. Each 1-face
in this new complex is assigned a value to be the average of 1-faces in the common
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Algorithm 2 Morse Complex Extraction
1: procedure Morse Complex(CF , UE )
2:
. CF = cubical 2-complex, UE = cost on 1-faces in CF
3:
id ← 0
4:
Create heap of 1-faces ordered by UE (min at top)
5:
repeat
6:
Remove 1-face g from heap
7:
if g is a subset of two faces f1 and f2 in CF then
8:
Remove g, f1 , f2 from CF
9:
l(f1 ) ← l(f2 ) ← id, id ← id + 1
10:
. new id for ascending manifold; hole at local min
11:
else if (g, f ) is a free pair in CF then
12:
Remove g, f from CF
13:
l(f ) ← l(fadj ) where fadj ⊃ g and fadj ∈
/ CF
14:
. labels face same as adjacent face containing g
15:
else if (f, g) is a free pair in CF then
16:
Remove g, f from CF
17:
else if g is isthmus then
18:
l(g) = {l(f1 ), l(f2 )} where f1 , f2 ⊃ g
19:
. label is unordered list
20:
end if
21:
until heap is empty
22:
return CF , l
. 1D maximal curves, labels for 2-faces
23: end procedure
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boundary between ascending manifolds. The Morse complex of this simplified complex is then computed, and the process is repeated until only one loop remains. The
algorithm is given in Algorithm 3. Figure 3.8 shows an example run through this
algorithm.
Algorithm 3 Highest Maximal Curve Extraction
1: procedure HighestMaximalCurve(CF , UE )
2:
. CF cubical 2-complex of Fast Marching front
3:
. Euclidean trajectory length UE defined on 1-faces
4:
repeat
5:
( CF0 , l ) = Morse Complex ( CF , UE )
6:
Create 2-cubical complex CF00 with
7:
a 2-face f for each unique 2-face id in l
8:
a 1-face g for each unique 1-face id in l
9:
g joins f1 and f2 if l(g) = {l(f1 ), l(f2 )}
10:
for g each 1-face in CF00 do
. a maximal curve
11:
R = {g 0 ∈ CF0 : l(g 0 ) = l(g)}
0
12:
UE (g) ← average of UE along R
13:
end for
14:
CF ← CF00 , UE ← UE0
15:
until no degree three 1-faces in CF0
16:
return CF0
17: end procedure

An example of maximal curves detected for multiple fronts is shown in Figure 3.9.
Visual verification that these maximal curves do indeed lie on the surface is shown in
Figure 3.10. This procedure of retracting the Fast Marching front to form the main
ridge is continued for different fronts of the form {U < D} with increasing D. This
forms many curves on the surface of interest. In practice, in the experiments, D is
chosen in increments of ∆D = 20, until the stopping condition is achieved, and this
typically results in 10 − 20 maximal curves extracted. The next sub-section describes
the stopping criteria.
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Figure 3.6: [1st image]: Front color coded with Euclidean path length UE (top
view). Red indicates high values. The bottom view (not shown) is a symmetric flip.
Topologically, UE forms a volcano structure (maximal curve, i.e., top of volcano, is
darkest red), and inside the volcano is blue. [Subsequent images]: Illustration of
iterations (from left to right) of Algorithm 2 on noise-less data to obtain the ridge
curve (white) on the Fast Marching front (green) by computing the Morse complex
of UE . The maximal curve lies on the surface of interest (red).

Figure 3.7: Illustration of Algorithm 3 operating on noisy data to obtain the highest
ridge.
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Figure 3.8: Real data example of Algorithm 3 operating on noisy data to obtain the
highest maximal curve. In this example, it required three iterations to converge.

Figure 3.9: [Left]: Maximal curve (white) extraction by retracting the Fast Marching
front at two instants. [Right]: An example cut (red) of ridge curves, forming the
surface boundary. Notice that the cut matches with the end of high 1/φ (bright
areas).

Figure 3.10: Visual verification that the maximal curves are on the surface. The
maximal curves are shown along with the surface extracted from the algorithm in the
next section, which uses only the boundary curve and not the maximal curves shown.
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3.2.4

Stopping Criteria and Surface Boundary Extraction

To determine when to stop the process of extracting maximal curves, and thus obtain
the outer boundary of the surface of interest, we make the following observation.
Parts of the curves generated from the previous section move slowly, i.e., become
close together with respect to Euclidean distance at the boundary of the surface.
This is because the speed function 1/φ becomes small outside the surface. Hence,
for the curves ci generated, I aim to detect the locations where the distance between
points on adjacent curves becomes small. To construct an algorithm robust to noise,
I formulate this as a Graph Cut problem [37].
The graph G is formulated as follows. First, each of the curves extracted is
resampled so that all curves have the same number of nodes as the final curve. This
operation is done to deal with a shrinking bias of the graph cut algorithm, which I
will discuss later.
 vertices V are 0-faces in all the 1-complexes ci formed from maximal curve

extraction after re-sampling
 edges E are (v1 , v2 ) where v1 , v2 ∈ V are such that v1 , v2 are connected by a

1-face in some ci or v1 is a 0-face in ci and v2 is the closest (in terms of Euclidean
distance) 0-face in ci+1 to v1
 a cost |vj −vk | is assigned to each edge (vj , vk ) where vj and vk belong to different

ci (so that the min cut will be where adjacent curves are close)
 for edges (vj , vk ) such that vj and vk belong to the same ci , the cost is the

minimum Euclidean distance between segment (vj , vk ) and segments on ci+1
 the source is the seed point p, and the sink is the last maximal curve cl

The objective is to obtain a cut of G (separating G into two disjoint sets) with
minimum total cost defined as the sum of all costs along the cut. In this way, the cut
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Figure 3.11: Graph formulation for boundary curve extraction from maximal curves.
[Left]: Maximal curves that form the graph for the graph cut algorithm. [Right]:
Graph in which all maximal curves are resampled to have the same number of nodes.
of the maximal curves along locations where the distance between adjacent maximal
curves is small is obtained. The fact that the graph cut optimizes the sum of costs
along the cut, explains the resampling of curves mentioned earlier. Indeed, had the
resampling not been performed, the graph cut would likely prefer to cut along the
curves nearest to the seed point since cuts near the seed point would require only
a few edges to separate the graph. Even though those edges have a large distance
between adjacent curves, there are only a few edges resulting in a small sum. Thus,
the overall sum may be less than cutting along more preferable locations nearer to the
final curve where the distance between curves is smaller, but have a larger number of
edges. Resampling the curves ensures a similar number of edges near the final and
initial curves, avoiding the bias of graph cut to cut only a few edges.
The process of obtaining ridge curves from the Fast Marching front is stopped
when the cost divided by the cut size is small; the precise algorithm is explained in
the next paragraph. This cut then forms the outer boundary of the surface. As can
be noticed from Figure 3.11. The computational cost of the cut (compared to other
parts of the algorithm) is negligible as the graph size is typically less than 0.5% of
the image. Figure 3.9 shows an example of a cut that is obtained. Figure 3.15 shows
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a synthetic example.
The question now is to stop the Fast Marching front evolution in a robust way
so that the whole surface is enclosed within the last front, while not traveling too
far past the boundary of the surface. Of course, one could just run the algorithm
until Fast Marching propagates to the entire image, but this would require much
unnecessary computation. To avoid unnecessary computation, as described earlier,
one just extracts the maximal curves in a pre-specified thresholded range (time steps)
of Fast Marching distance, with large time steps. One still needs to specify the
maximum time step. One way to do that is to ask the user for this as an input
parameter or put something very high; both cases are not good solutions, as this
requires user tuning. To automate the stopping criteria, I used the CUSUM algorithm
[94] [95] [96] to detect the right stopping criteria in an optimal manner. CUSUM is a
robust algorithm to detect the change mostly used as a method in detection theory.
To use CUSUM in the formulation, first, l specify the right criteria for the change
that needs to be detected. As we have seen in this chapter, when Fast Marching Front
is traveling along the surface, it will go faster than outside the surface. This will lead
to maximal curves that are far apart (in terms of ordinary Euclidean distance) when
the front is on the surface and maximal curves that are close to each other when it is
outside the front.
The previous fact can be used in the CUSUM algorithm to detect when the front
reaches the boundary of the surface, and thus terminate the evolution of the Fast
Marching front. Specifically, once the cost cut from Graph Cuts changes from high
to lower values, the algorithm will terminate. At every time step, Graph Cuts is
performed as shown in Figure 3.11.. Let E be the energy of the cut, which is the
average value of the distance between adjacent curves for all points on the cut, as
specified earlier. E will be computed at every time step so that we will have a vector
of values which is the cut energy for each cut. At every time of computation of E we
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need to calculate the CUSUM statistic, which is shown below. First, I define average
values S1 and S2 as:
Pk

i=1

S1(k) =

E(i)

k

,

which is the average of E from 1 to k. Also,
PN
S2 (k) =

E(i)
,
N −k+1
i=k+1

which is the average of E from k + 1 to N , which is the current number of maximal
curves computed. The CUSUM statistic is now

CUSUM(k) = max

k=1,...,N

p
(S2 (k) − S1 (k))2 .

Notice that the statistic is the difference of averages of cut costs before and after k
when the difference is highest in the current data with respect to k. That k that
maximizes the difference is called the proposed change point. Once the CUSUM
statistic is large enough, indicating a change in the average cut costs, one terminates
the extraction of maximal curves and outputs the Graph Cut curve as the boundary of
the surface. The CUSUM algorithm is particularly robust due to the fact that it looks
not just for changes between adjacent time points, but larger sustained differences
determined from all of the data up to the current time. Since the algorithm only deals
with scalar values of data points, this algorithm is fast and does not any significant
cost to the algorithm, and in fact, saves time since the extraction of extraneous
maximal curves is terminated.

3.3

Surface Extraction

I now present the algorithm for surface extraction. Given the surface boundary curve
determined from the previous section, I provide an algorithm that determines a sur-
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face going through locations of small φ and whose boundary is the given curve. The
algorithm uses the cubical complex framework and has complexity O(N log N ). The
case of surface extraction will involve the determination of two-dimensional generalized minima through the Morse complex.

3.3.1

Surface Extraction Algorithm and Rationale

I show now that the surface of interest lies in a two-dimensional generalized minima
of U : Ω → R+ , the weighted minimal path length.
Proposition 3. Suppose S ⊂ R3 is a smooth surface and p ∈ S. Let φ : Ω ⊂ R3 →
R+ be a function with low values on S and higher values outside (locally). Then S
is a two-dimensional generalized minima of U , where U is the solution of the eikonal
equation with U (p) = 0.
Proof. I show that for x ∈ S, U decreases away from x in the direction ±N , the
normals to the surface at x. For a small enough neighborhood Vx around x, we may
assume that S is flat and that φ is approximated by

φ(x) =




K

1

x∈
/ S ∩ Vx



K 2

x ∈ S ∩ Vx

,

where K1 >> K2 > 0. We also assume (for now) that x close enough to p so that p
lies in Vx . In this case, we see that

U (x) ≈ U (p) + K2 |x − p| = LK2 ,

as the minimal path from p to x is approximately a straight line path on the surface,
as the surface is nearly flat in Vx . Let y = x ± εN for ε > 0 sufficiently small. We
now consider the minimal path from y to p. Note outside the surface, the path must
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be nearly a straight line as φ is constant. Similarly, on the surface, the minimal path
must be a straight line. We see that the minimal path is a straight line between y
and some point z on the line joining x to p and then the straight line between z and
p (see Figure 3.12). Therefore,
√
U (y) = min K2 (L − `) + K1 `2 + ε2
`

√
where ` is the length of the segment between x and z. The minimizer is ` = ε/ 1 − r2 ,
where r = K2 /K1 < 1. This yields that
√
ε
2 − r2
K2 + ε √
K1
U (y) = LK2 − √
1 − r2
1 − r2
√
ε
= LK2 + √
[K1 2 − r2 − K2 ] > LK2 ,
1 − r2
where the last inequality follows from the fact that

√
2 − r2 > 1 and K1 > K2 .

Therefore, U (y) > U (x) and so we see a local minimum in the direction N , which
implies x lies in a 2-d generalized minima of U . We may now apply the same argument
using x to play the role of p, and show that all points in a neighborhood of x on the
surface are on a generalized minima. We may continue in this way to show all points
on the surface are on the generalized minima.
Algorithm: One can use the above fact to design an algorithm for extracting the
surface (see Figure 3.13). We may perform a deformation retraction of V0 = {U ≤
T (0)} where T (0) is chosen to enclose the entire surface, and T (t) is a decreasing
function of t. At each time, the points of the level set Lt = {U = T (t)} that retain
the homotopy equivalence to Vt are removed from Vt . I further impose that the
boundary of the surface must not be removed from Vt . This way, all points that are
on the surface are retained. One can show this with an inductive argument. Assume
for a given time t, the union of all retained sets is a 2-dim set St− (t− is just before
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Figure 3.12: Quantities defined in the proof of Proposition 3.

Figure 3.13: Schematic diagram to illustrate surface extraction algorithm defined in
the continuum, and the associated quantities in the algorithm definition (see text).
t) that is on the surface, and so Vt− = St− ∪ {U ≤ T (t)}. Note that the latter set in
the union is a volume. A point x ∈ ∂St− with U (x) = T (t) cannot be removed. Since
x is on the surface, which by the proposition is a generalized minima, the normal
to the surface at x is tangent to Lt , and U is strictly increasing along the normal.
Therefore, removing point x disconnects Vt− , not preserving homotopy equivalence.
Therefore, Vt = St ∪ {U < T (t)} where St contains all points on ∂St− .
This procedure can be accomplished with an analogous algorithm in the discrete
case. I retract the cubical complex of the image with the constraint that the boundary
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curve 1-faces cannot be removed. I accomplish this retraction by an ordered removal of
free faces based on weighted path length U . The algorithm is described in Algorithm 4.
This results in fronts that have large distance U from the seed point being removed
Algorithm 4 Surface Extraction from Boundary of Surface
1: procedure OpenSurfaceExtract(CI , U , ∂S)
2:
. CI = cubical 3-complex of image, U = FM distance
3:
. ∂S = boundary of surface (1-complex)
4:
Create heap of 2-faces ordered by U (max at top)
5:
repeat
6:
Remove 2-face g from heap
7:
if (g, f ) is a free pair in CI for some f then
8:
Remove f and g from CI
9:
else if (f, g) is a free pair in CI for some f and g ∩ ∂S = ∅ then
10:
Remove f and g from CI
11:
end if
12:
until heap is empty
13:
return CI
. 2-cubical complex of Valley
14: end procedure

first. By the constraint, only the parts of the fronts that do not touch the boundary
can be removed. As the removal progresses, faces are removed on either side of the
surface. This creates a “wrapping” effect around the surface of interest, which has
small values of U . Near the end of the algorithm, points on the surface cannot be
removed without creating a hole, so no faces are free, and thus the algorithm stops.
Figure 3.14 shows the evolution from Algorithm 4 to extract the surface from the
data used in Figure 3.9. Figure 3.15 shows a synthetic example of the evolution of
this algorithm.

3.3.2

Generalized Minima: Surface of Minimal Paths

I now relate the generalized minima that is extracted by the algorithm to minimal
paths. I show that the generalized minima, and thus the surface extracted, is a surface
formed from a collection of minimal paths to p. First, I show that the gradient path
starting from a point in the generalized minima stays in the generalized minima.
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Figure 3.14: Illustration of valley extraction by Algorithm 4, which retracts the volume while preserving 1-faces on the surface boundary (red). This gives the surface of
interest.

Ridges

Final Cut

Surface

Ground truth

Removal of Faces in Image (Algorithm 4) to Extract Surface →

Figure 3.15: Synthetic example of extracting a sphere with top cut such that the
boundary is four arcs. The image (not shown) is a noisy image of the cut sphere
with holes. Maximal curves are extracted via Algorithm 1 (top left). The final cut of
maximal curves (top, middle left), the final surface extracted via Algorithm 2 (top,
middle right), and the ground truth (top, right) are shown. Snapshots in the removal
of faces in Alg. 2 are shown (bottom), resulting in the surface (right).
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Proposition 4. Suppose x ∈ M is a generalized minimum point of h : M → R, then
the path γ determined by the gradient descent of h with initial condition x lies on the
valley of h containing x.
Proof. For simplicity, we assume M = R3 and that the generalized minima is twodimensional. By definition of a 2D generalized minima in R3 , we have that ∇h(x) ·
Nx = 0 and NxT Hh(x) · Nx > 0 for some unit direction Nx ∈ R3 where Hh denotes
the Hessian. For every neighborhood Vx of x sufficiently small, there exists y ∈ Vx
such that ∇h(y) · Ny = 0 and NyT Hh(y) · Ny > 0 for some Ny . If that were not the
case, then x would be an isolated critical point, which is not the case. By smoothness
of h, N is a smooth function. Let S be the points the satisfy the conditions on the
gradient and Hessian in Vx .
We consider the path γ defined by the gradient descent of h starting from x. Then
by definition of γ and Taylor expansion of h,

∇h[γ(∆t)] ≈ ∇h[x − ∆t∇h(x)] ≈ ∇h(x) − ∆tHh(x) · ∇h(x).

Taking the dot product of the above with Nγ(∆t) ≈ Nx , by a Taylor expansion, we
have
∇h[γ(∆t)] · Nγ(∆t) ≈ −∆tNxT Hh(x) · ∇h(x).
Note that NxT Hh(x) = λNxT with λ > 0 since Nx is an eigenvector of Hh(x) if we
use a more stringent requirement of a valley. Since NxT ∇h(x) = 0 by the definition
T
of generalized minima, we have that ∇h[γ(∆t)] · Nγ(∆t) ≈ 0. Also, Nγ(∆t)
Hh[γ(∆t)] ·

Nγ(∆t) > 0 as γ(∆t) ∈ Vx . Therefore, γ(∆t) is also in the valley, and thus continuing
this way, we can show that the path γ formed from the gradient descent is also in the
generalized minimum.
Using the last property, I show that the surface extracted by the algorithm is a
collection of minimal paths to p.
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Proposition 5. Suppose V is a generalized minima of U , the solution of the eikonal
equation, containing the seed point p used to define U . Then V is a union of minimal
paths to p.
Proof. Let x ∈ V then the path γx formed from the gradient descent of U starting
from x stays in V by Proposition 4. The path γx is also a minimal path since gradient
paths of U are minimal paths. Note that γx ends at p. Therefore, we see that V is
the union of γx over all x.

3.4

The Case of Intersecting Surfaces

In real-world scenarios, there could exist cases were multiple surfaces intersect. As an
example, Figure 3.16 shows a case in lung CT scan. It can be noticed that the lung
has two intersecting surfaces, which are known as fissures. In this case, my algorithm
described earlier would extract both surfaces as one surface. I would like to have each
surface as a separate surface. To solve this issue, I enforce that the maximal curves
have small curvature. This assumption will be realistic in the intersecting scenario.
The idea is that when the maximal curves approach the intersection, the curve will
change topology from a simple loop to two loops. I will simply discard the loop
that causes the curvature of the existing curve to become large. In this way, I will
simply get the flattest surface that passes through the intersection. In many of the
applications that I am interested in, such as faults in seismic data and lung fissures,
this assumption is valid.
It turns out that one can employ an easy method to extract the relevant loop by
“projecting” the curve in time step N − 1 to the next Fast Marching Front (time
step N ) and add a constraint such that isthmus edges must be in a limited band
around the projected curve. In this way, I enforce the small curvature assumption by
making sure that the maximal curve in time step N is close to the previous one from
time step N − 1. Thus, the only change to the Algorithm 3 is that I add another
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Figure 3.16: Surface intersection in lung data. Right lung contains, one surface. Left
lung contains, two intersecting surfaces that require the surface intersection handling.
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condition to preserved edges to be in the band and discard edges outside. Previously,
the condition to preserve an edge is just to be an isthmus edge. The new update to
this is that it is required to be within a specified band around the projected curve
in addition to the isthmus condition. Thus, both conditions have to be satisfied in
order for edge to go in the preserved edge list. Adding such a constraint is an easy
task but one need to be able to project the ridge curve from time step N − 1 into
the new Fast Marching front of time step N efficiently. Thus, I discuss “projection”
procedure next.
Given a curve from previous time step and a new Fast Marching Front, our task
now is to project the curve into the new Fast Marching Front. The direction of the
projection should follow from the basic assumption that the surface has a smooth
curvature. Therefore, additional information, which is the direction of projection is
required. In fact, for every point on the curve of time step N − 1, one can use the
closest point on the curve at time step N − 2 to obtain the direction information.
This direction information will be used to propagate forward the previous curve, thus
obtaining the projection.

3.5

Generalizing Surface Extraction to Other Topologies

The motivation behind developing the methods in previous sections is to solve the
challenging problem of extracting free boundary surfaces (open surfaces). However,
the method is more general and can handle several topologies. In this section, I
show the methods can be easily adapted to handle the cases of closed surfaces and
cylindrical topologies. Both of these cases are important for various applications, as
described in the introduction. For a proof of concept, I constructed some synthetic
images for these topologies to show how one can adapt my existing methodology. I
have added noise is added to the 3D images to show that my methods are robust to
noise. The next sections will deal with each of the aforementioned topologies.
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3.5.1

Closed Surface Extraction

In fact, one can detect the closed surface directly by determining a valley-like structure
(2-dim generalized minima) and by-passing the boundary curve extraction algorithm
described in the previous sections. Although there are other methods for extracting
closed surfaces, such as Graph Cuts, I believe there are advantages to my approach.
First, my method has complexity O(N log N ) and this is lower than Graph Cuts,
which tend to have a cubic complexity or greater. Second, I have found that Graph
Cuts is sensitive to the attribute used and different levels of noise or contrast might
change the extracted surface. Preliminary experiments indicate that my method is
less sensitive to changes in the attribute.
Since a closed surface does not have a boundary curve, it is not required to use
the boundary curve extraction algorithm described in the previous sub-section. From
here, I follow similar steps proposed for surface extraction in the previous sub-section.
Therefore, a seed point needs to be picked somewhere on the surface as shown in
Figure 3.17. After that, the Fast Marching Front is computed from the seed point.
It can be observed very easily from Figure 3.17 that the closed surface will form a
generalized minima surface (2-dim generalized minima) in the 3D image, which is also
the case in free boundary surface extraction. Thus, one can just apply the algorithm
used for extraction of the 2-dim generalized minima for the open surface to extract the
generalized minima closed surface with no major difference. The algorithm for closed
surface extraction is introduced in Algorithm 5. Note that outer loop is required,
since similar to the case of maximal curve extraction where multiple curves can arise
from the Morse complex, multiple surfaces can be obtained do to noise or other fine
structures in the image, and thus simplification must be performed (see Chapter 4).
The algorithm effectively just extracts descending manifolds of the 3D data, and
simplifies the Morse complex until only one surface remains.
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Algorithm 5 Closed Surface Extraction
1: Input: I (3D image), and seed point p on the surface of interest.
2: Compute Fast Marching distance with U (p) = 0. See Figure 3.17 in the middle.
3: repeat
4:
Sort faces from maximum to minimum based on U .
5:
repeat
6:
Remove free and maxima faces from the ordered list. See Figure 3.17 on
the right.
7:
until no more free faces can be removed.
8:
Simplify Morse complex
9: until one closed surface (one face) remains. See Figure 3.18.

Figure 3.17: Closed surface extraction. [Left]: Input a 3D image containing closed
surface and a seed point picked by the user anywhere on the object of interest. [Middle]: Fast Marching algorithm is computed from seed point U (p) = 0. [Right]: Extracted closed surface obtained by extracting boundaries of descending manifolds.

Figure 3.18: Visualization of the iterations of the algorithm for extraction of boundaries of descending manifolds. Since the data are noise, this example required four
iterations to converge. Note that the closed surface is cut from the middle for the
purpose of visualization to see how the shape is simplified at each iteration of the
algorithm.
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3.5.2

Cylindrical Topology Surface Extraction

Similar to the free-boundary surface extraction, cylindrical topology surface extraction requires boundary curves. The main difference is that the cylindrical topology
requires two boundary curves (arising form its boundary) instead of one in case of
the simple open surface. Despite this, this does not make much of a difference in the
algorithm. Therefore, they both follow the same steps. Thus, starting with a 3D image and two planar boundary curves picked in two 2D planes as shown in Figure 3.19,
I compute Fast Marching from one of the boundary curves. After that, as we have
observed in the previous cases, the object will form 2-dim generalized minima in Fast
Marching distance. This results in the same algorithm as in the previous cases to be
applied on Fast Marching distance. The algorithm for cylindrical topology extraction
is introduced in Algorithm 6.
Algorithm 6 Cylindrical topology extraction
1: Input: I (3D image), and the two boundary planar curves of the cylindrical object.
See Figure 3.19 on the left.
2: Compute Fast Marching distance with U (c1 ) = 0 where c1 is one of the boundary
curves.
3: repeat
4:
Sort faces from maximum to minimum based on U .
5:
repeat
6:
Remove free and maxima faces from the ordered list.
7:
until no more free faces can be removed.
8:
Simplify Morse complex
9: until no more than one surface is obtained. See Figure 3.19 middle and right.

3.6

Summary and Outlook

I have demonstrated in this chapter that methods from minimal paths, Morse theory
and computational topology can be used to extract surfaces from three-dimensional
data. To the best of my knowledge, this is the first time that this has been done. Of
particular importance was the Morse complex and the boundaries of ascending and
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Figure 3.19: Cylindrical topology extraction. [Left]: Input a 3D image containing cylindrical surface and closed curves on each ending slice. [Middle and Right]:
Extracted cylindrical topology (extract boundaries of descending manifolds).
descending manifolds that allowed for convenient algorithms to extract generalized
extrema. Although I started first with the case of free-boundary surfaces, the last
section has shown that the same methodology can also be used to handle other surface
topologies. Previously in the literature, cylindrical, closed surface and open surface
topologies have all been treated with very disparate mathematical methodologies. It is
quite interesting and promising that the framework I have developed here encompasses
all these topologies in a constant framework of Morse theory and computational
topology.
In the next chapter, I delve into the details of the implementation of the topological operations and the data structures needed to make for an efficient implementation.
I include this, since significant thought has been invested so that the resulting algorithms are efficient in terms of both computational cost and memory.
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Chapter 4
Implementation Details of Topological Operations

In this chapter, I introduce an efficient implementation of the algorithms, introduced
in the previous chapters, to extract the Morse complex and the surfaces from a 3D
image. Based on cubical complexes and the deformation retract operation discussed
earlier, I introduce the main building blocks, i.e., data structure constructions and
processing details, for extracting the Morse complex and related algorithms. These
building blocks include cubical complexes construction and processing, implementing
the collapse operation and iteratively performing the collapse operation to extract
generalized extrema. By introducing these building blocks, I will be able to abstract
the commonality of all the operations discussed in Chapter 3 to extract and process both generalized minima and maxima from the Morse complex. Therefore, the
same code will be used for extracting both the boundary curve of the surface and
the surface. The description will enable the interested reader to efficiently code the
algorithms him/herself. In fact, I have investigated several aspects of performance optimization and tried to pick the right level of compromise between speed and memory
usage.

4.1

Cubical Complex Storage and Access

To have an efficient implementation of the collapse operation, we need to design the
data structure storing the cubical complex of the shape of interest in such a way
that it is easy and efficient to access faces adjoining a given face in the complex. To
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Figure 4.1: Cubical complex elements in 3D.
accomplish this, I use the 3D grid of the image to create indices for points, edges, faces
and cubes (see Figure 4.1) and then I create lists for such elements that are present. I
pay particular attention to indexing and linking faces of the complex in a flexible way
so that accessing and manipulating them can be performed in an efficient manner.
Although the implementation is specifically for structures arising in 3D images, it will
be obvious that the implementation can easily be adapted to structures embedded in
any dimension.

4.1.1

Data Structures

In 3D images, it is known that every voxel is connected to the six neighboring voxels,
which I call +X, +Y, +Z, -X, -Y, -Z (see Figure 4.2) based on the canonical coordinate
directions. Thus, given this information, we can utilize this for efficient encoding of
the n-D faces indices. First, for edges, at every voxel, we need to generate indices for
three edges pointing in +X, +Y, +Z. This will then cover each edge in the grid; note
the negative directions are not needed as that will lead to having multiple indices for
the same edge. Thus, due to the underlying image grid, only a voxel and direction
are needed to specify an edge. The price to pay for storing just this small information
is that the edges active in a complex will need to be specified with three indicator
functions on the entire grid. But, it can be observed easily that this is not much
compared to the size of the image, and so we will use this strategy. Faces will be
stored in a similar fashion (see Figure 4.2).
Now, I lay down the main data structures used to construct and link the cubical
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Figure 4.2: Edges and faces index types in 3D images [Left]: Edges index types.
[Right]: Faces index types.
complex framework. Mainly, the data about nodes, edges, faces, and cubes are put
in 1-D vectors that indicate whether a given cell is active or not. The indices of every
vector (array index) are to give the identity to every element. Also, two 2-D arrays
are used to accelerate the access to the neighboring edges and faces; I call these arrays
edge faces link and face cubes links. Below is a list describing each element in
the cubical complex data structure:
 N0 ( size:

XSize * YSize * ZSize , type: 1D boolean array): Original 3D

image nodes vector. This vector is used to indicate whether a specific voxel is
active or not in the original image. The order of the voxel in the vector is served
as the index of the voxel. The length of this vector is the same as the number
of voxels in the original 3D image. The datatype size must be at least 1-byte
(C/C++ representation of bool data type).
 N1 ( size: active nodes, type: 1D integer array ): This vector contains the

indices of the active voxels only. The purpose of this vector is to limit the
cubical complex to be built only on the active voxels and as a result to limit
the processing of the cubical complex elements to the active voxels. This is
important when I process a subset of voxels of the original image in which the
subset is much smaller than the original image. This results in a major speedup
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and a better efficiency. In this case, it is important when extracting maximal
curves. The data size for the subsequent elements such as edges, faces, and cubes
with their linking vectors will depend on the size of this vector. Moreover, the
speed of sorting and collapse operation will depend on the length of this vector.
In the case in which all voxels in the original 3D image are active, then this
vector can be eliminated.
Therefore, the N0 and N1 vectors are used to translate between the voxels on the
original 3D image to the active voxels. The edges pointing down (+X) are put
in first in the edges vector followed by edges pointing to the right (+Y) followed
by edges pointing back (+Z). Thus, the vector length for edges and faces is
equal to the length of active voxels multiplied by 3. A similar methodology
will be used to represent the active faces. With these arrays, I do not store the
explicit spatial location for any cell, and I have an effective way to navigate
through the cubical complex elements.
 Type3 ( size: 3 * active nodes, type: 1D integer array ): This data structure

is used to indicate the edges and faces type, which is one of +X,+Y,+Z. We can
notice from Figure 4.2 that there are three directions for the edges and faces,
to uniquely represent all edges and faces in the grid. This is used for indexing
faces and edges and to accelerate the navigation across different n-faces (edges,
nodes, faces, and cubes). An example of the indices used to label the edges,
faces and cubes are given in Figure 4.3.
 E (size: 3 * active nodes, type: 1D boolean array): This data structure is

the edges vector. It stores primary edges information. It will indicate whether
the edge is active or not. The status of all edges at the beginning is active.
During the collapse operation, some of the edges are removed as a result of
collapse operation. The collapse operation will turn some values of this vector
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Figure 4.3: [Left]: Cubical complex lattice in 3D. [Right]: Example showing indexing
of nodes, edges and faces in 2D. A unique number is specified for each node, edge and
face.
from true to false.
 F (size: 3 * active nodes, type: 1D boolean array): This data structure is

the faces vector. It stores the primary faces information. This vector indicates
whether the faces are active or not, during the collapse operation.
 C (size: active nodes, type: 1D boolean array): This is the cubes vector. It

stores the primary cubes information. This vector is used to indicate whether
the cube is active or not. This is the maximum face dimension needed in my
application (we have 0-face as the node, 1-face as the edge, 2-face as the face,
3-face as the cube). The length of this vector is the number of the active voxels
in the image since only one cube is generated for every voxel.
 ascending manifold label (size: 3 * active nodes, type: 1D integer array):

The purpose of this vector is to label faces when they are collapsed so that every
Morse cell of faces will have the label of the corresponding minima that one will
reach if we go in a gradient decent direction from any point on this Morse cell.
Mainly, this is used to enable hierarchical simplification to iteratively apply the
collapse operation. Hence, I will describe this in more detail in the iterative
collapse operation section later. From a data structure point of view, this is a
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vector of integers, indicated a label for each minima.
 edge faces link (size: 2 * 3 * active nodes, type: 2 * 3 2D integer array):

This is used as accelerator accessing faces that are linked to specific edge. During collapse operation, I make a little compromise for a memory usage in favor
of speed. Thus, for every edge, I store index information about the neighboring faces. This makes the collapse operation extremely simple and fast. In
particular, this allows me to have all edge-face link information ready when
visiting a specific edge, which allows me to decide whether it is a free edge or
not instantaneously.
 face cubes link (size: 2 * 3 * active nodes, type: 2 * 3 2D integer array):

Same as the edge face link, except instead of storing the information about
the faces that share a specific edge, I store the cubes sharing a specific face.
Thus a face is shared between two cubes. Again, this makes it easy to decide if
a face is free or not immediately.
 edge weight (size: 3 * active nodes, type: 1D float array): This vector is

used to store the weight of the edges. The weight is calculated as the average of
the weight of the end nodes. A node weight is just the Fast Marching distance
in this case. As we will see in the next sections, this vector is sorted in specific
order to extract critical structure.
 face weight (size: 3 * active nodes, type: 1D float array): Same as edge-

weight except that the calculated weight is the average of the four nodes since
every face has four nodes instead of two in the edge case. This vector is used
in the surface extraction algorithm.
 sorted indices (size: 3 * active nodes, type: 1D integer array): This vec-

tor is the output result from sorting edges and faces and contains their indices.

98
Table 4.1: Summary of data structures for storing and processing the cubical complex.
Name
N0
N1
Type3
E
F
C
faces label
edge faces link
face cubes link
edge weight
face weight
sorted indices
preserved list

Description
nodes in image
active nodes
face and edges type
edges
faces
cubes
faces label
faces sharing edge
cubes shring face
edges weight
faces weight
sorted indices
preserved list

Size
XSize * YSize * ZSize
active nodes
3 * active nodes
3 * active nodes
3 * active nodes
active nodes
3 * active nodes
2 * 3 * active nodes
2 * 3 * active nodes
3 * active nodes
3 * active nodes
3 * active nodes
3 * active nodes

Type
1D boolean array
1D integer array
1D integer array
1D boolean array
1D boolean array
1D boolean array
1D integer array
2D integer array
2D integer array
1D float array
1D float array
1D integer array
1D integer array

As we will see later, edge weight and face weight are sorted as part of the
critical structure extraction process. This vector will be used to iterate through
edges or faces to apply collapse operations on. The sorting order (ascending
or descending) is used to decide which critical structure to extract (generalized
maxima or minima).
 preseved list (size: 3 * active nodes, type: 1D integer array): This vector

is filled, while the collapse operation is iterated, to store any preserved (isthmus)
edge or face for the next iteration. This is used for both maximal curve and
generalized minimal surface extraction since it contains the indices information
of edges or faces.
See Table 5.1 for a summary of all these data structures for storing and processing
the cubical complex.

4.1.2

Constructing the Cubical Complexes

To construct cubical complex, one has to have two input images. First, a binary image
that indicates active and inactive cells (0-face, 1-face,2-face and 3-face). Second, a
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cost image to be used for sorting the cubical complex cells. In this thesis, I construct
two cubical complexes for maximal curve extraction and one for generalized minimal
surface extraction. These are described in the next two-subsections.
Cubical Complex for Maximal Curves of Front: To extract maximal curves,
we first need to construct a cubical complex on the Fast Marching front. As we have
seen in Chapter 3, a threshold of Fast Marching is extracted in multiple time-step
intervals. Every time step is processed to extract the maximal curve on the front.
Thus, given a Fast Marching front at a particular time, we want to construct a closed
2D surface for the front, in which we want to locate the highest maximal curve. The
steps to build the cubical complex from the Fast Marching front are as follows:
1. Construct a binary image that assigns ones where the geodesic distance is less
than or equal to the threshold value and zeros everywhere else.
2. Construct a 3D cubical complex of the binary image by building the data structure and filling them appropriately; this will be a cubical complex of the volume.
3. Now, to construct the closed surface, I keep only faces with its edges that are
a subset of two cubes in which one of the cubes has a value of 1 for one of its
nodes from the binary image and the other cube has all zero node values from
the binary image.
Cubical Complex for Generalized Minima of Fast Marching Distance:
To build a cubical complex for generalized minima to extract the surface, we can
initially start with the whole image as the active voxels. One could also consider a
bounding box that encloses the surface to reduce computational cost. An example
of a bounding box would be to use the limits of the boundary curve. Considering a
bounding box is useful in cases where the image is very big with respect to a surface.
Below, I list the steps and order to fill the data structures for surface extraction:
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1. Set active cells in N0 to true and false otherwise. While setting N0, add a
reference in N1 with the index of the cell (in true case only).
2. For every edge (E), faces (F) and cubes (C), check if all nodes are active, then
set the cell to true.
3. For every edge, check its active face and reference that in edge faces link.
The same goes for face cubes link.
4. For edge weight and face weight, calculate the weight for edges and faces as
an average of the nodes linked to it.

4.2

Collapse Operation Implementation

I now show how to manipulate the data structures in order to implement the collapse operation. The collapse operation provides an efficient way to simplify a shape,
by removing faces while guaranteeing that the operation preserves homotopy equivalence. This is naturally done by checking whether holes are created or destroyed
in the cubical complex with a few simple local checks. Note that collapse operation
preserves topology and thus guarantees the algorithm correctness in topology. The
operation is very simple to implement and requires just local information of neighbors. For example, in the case of maximal curve detection, the only thing to check
while iterating through edges is the faces connected to this edge, i.e., faces that share
the edge. Algorithm 7 shows how this local check is performed. This requires only
checking whether the faces that contain the edge are in the cubical complex. Next,
this check is used to perform the collapse operation in Algorithm 8. The algorithm
simply checks if the edge is free, and if so, and removes the edge-face pair by setting
values in the corresponding indicator arrays to false.
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Algorithm 7 IsFree(Edge E) Function Implementation.
1: E = edges vector
2: F = faces vector
3: edge f aces link = accessor for edge neigbours
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:

[f ace1, f ace2] = edge f aces link(e)
if f ace1 == true && f ace2 == true then
return false
else if f ace1 == true then
return face1
else if f ace2 == true then
return face2
else
return false
end if

Algorithm 8 Collapse(Edge e) Operation Implementation
1: E = edges vector
2: F = faces vector
3:
4:
5:
6:
7:

face=IsFree(edge e)
if f ace 6= f alse then
E[e] = f alse
F [f ace1] = f alse
end if
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creates a hole at minima

removes free 2-face (preserves holes)

preserves isthmus 1-face (non-free 1-face)

Figure 4.4: Cases encountered when performing the collapse operation for Morse
complex extraction. [Left]: The edge is a minima. [Middle]: A free edge. [Right]: An
isthmus (non-free) edge.

4.3

Topological Structure Extraction Implementation

In this section, I describe how to extract the Morse complex, simplify it to extract a
single maximal curve or a single surface as a generalized minima. I will pay particular
attention to how one manipulates the data structures storing the cubical complex to
extract the Morse complex and simplify it. Extracting these structures is done by
applying the collapse operation on the sorted list of the weighted edges based on Fast
Marching as we saw in Chapter 3. I will describe in detail how these structures are
obtained from this simple collapse operation in the next sub-sections.

4.3.1

Morse Complex Extraction Implementation

I first describe the implementation of the extraction of the Morse complex. Let us
assume we have generated the cubical complex in Figure 4.4. Also, let us assume
that we have a cost function on the edges and that edges are sorted from minimum to
maximum for the case of maximal curve extraction (generalized minima for surface
extraction will be the opposite order). In the case of maximal curve extraction, the
goal is to keep any generalized maxima and get rid of minima and regular points.
In the midst of performing the collapse operation for Morse complex extraction for
extraction of maximal curves, one can observe that one case of the following three
cases will occur (see Figure 4.4):
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1. Edge minimum: In this case, an edge is shared by two faces. This means
that the face is at a minimum since the faces are not removed in any earlier
collapse operation. This is illustrated in Figure 4.4 (left image). As part of
the algorithm, the edge (1-face) and the faces (2-face) that share this edge are
removed. As a result, a hole in the cubical complex is created. Note there is
no explicit check in the algorithm to detect these minima, but such a case will
be encountered as edges are removed from the heap, which is sorted. One can
notice that at every local minimum a topological hole will be generated.
2. Free edge: In this case, an edge has only one active face connected to it. This
will correspond to a regular point (not minima or maxima). Thus the edge
and the face are removed, i.e., free pair collapse. This will also not change the
topology as it is guaranteed by the collapse operation. This is illustrated in
Figure 4.4 (middle image).
3. Isthmus edge: In this case, the edge has no face connected to it. The reason
that this could occur is that both faces connected to this edge were removed
by earlier collapse operations. In this case, the edge will be in the maximal
curve structure because all neighboring edges are removed before visiting this
edge. Thus, the set of isthmus edges are part of the maximal curves. This is
illustrated in Figure 4.4 right image. This edges should be collected in a list,
which I call the preserved edge list (preserved list array). Note that the edge
is preserved and not removed in the cubical complex.
These three conditions encountered for the collapse operation is part of both maximal curve and generalized minima surface extraction. The pseudo code for maximal
curve extraction is presented in Algorithm 9. Note that the algorithm simply checks
for each of the three cases, and removes faces and edges in the first two cases, and
does nothing but add to the preserved list in the last case.
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Algorithm 9 Morse Complex Extraction (Implementation)
1: E = edges vector
2: F = faces vector
3: sorted indices = result of sorting edges
4: edge f aces link = accessor for edge neigbour
5: preserved list = list of preserved edges
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:

sorted indices = GenerateEdgeW eightsAndSort()
for each e(edge) ∈ sorted indices do
[f ace1, f ace2] = edge f aces link(e)
if f ace1 == true && f ace2 == true then
E[e] = f alse
F [f ace1] = f alse
F [f ace2] = f alse
else if f ace1 == f alse && f ace2 == f alse then
add(e, preserved list)
else if f ace1 == f alse OR f ace2 == f alse then
Collapse(e)
end if
end for

4.3.2

Morse Complex Simplification Implementation

As I have indicated earlier, even though one can extract maximal curves and generalized minima forming the surface by performing the collapse operation, this does
not guarantee that this will result in a single curve in maximal curve extraction nor
a single closed surface in the case of extracting a closed surface. Thus, one needs to
apply the collapse operation iteratively until one ends up with a single curve. Every
iteration will produce a simplified Morse complex to be processed again in the next
iteration. After each iteration, each Morse cell will be grouped to one face (1-face
for edges and 2-face for a face). There is some additional programming effort that
is required to group the edges and faces for processing in the next iteration so that
the collapse operation can again be applied in the subsequent iterations. In the next
sub-sections, I show how to label the ascending or descending manifolds, and then
form the simplified complex.
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4.3.2.1 Labeling Ascending Manifolds

The key data structure for performing the Morse complex simplification is the ascending manifold l
vector, which is used to label faces. This was described briefly in Section 4.1.1. As
described in Section 4.2, there are three cases to consider when performing the collapse operation. I will now describe the labeling of ascending manifolds in each of
these three cases.
1. If the edge is at a minima, as illustrated in the first case in Figure 4.4 (left
image), a new label is generated and both faces sharing this edge are labeled
with this newly generated label.
2. In the free edge case, as illustrated in Figure 4.4 (middle image), a specific
edge is visited and one face containing the edge is not in the complex, but the
second face is still in the complex and hence un-labeled. In this case, the label
assigned to the face already removed is copied to the unlabeled face.
3. In the isthmus edge case, as illustrated in the first case in Figure 4.4 (right
image), the edge will be added to the preserved edge list for next iteration, and
no action in terms of ascending manifold labeling is performed.
Now, I add this labeling process to Morse complex extraction algorithm to form
the updated Algorithm 10.

4.3.2.2 Creating the Simplified Complex
At this stage, I assume that one has computed the first iteration of Morse complex
extraction. This includes the labeling described in the previous section. Refer to
Figure 3.8 and Figure 3.8 in Chapter 3 for illustrations. At the end of each iteration,
a new “super-complex” is constructed to re-run the extraction and further simplify.
The operation is referred to as Morse complex simplification.
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Algorithm 10 Morse Complex Extraction and Labeling (Implementation)
1: E = edges vector
2: F = faces vector
3: sorted indices = result of sorting edges
4: ascending manif old label = face label
5: edge f aces link = accessor for edge neigbour
6: preserved list = list of preserved edges
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:

label n = 0
sorted indices = GenerateEdgeW eightsAndSort()
for each e(edge) ∈ sorted indices do
[f ace1, f ace2] = edge f aces link(e)
if f ace1 == true && f ace2 == true then
E[e] = f alse
F [f ace1] = f alse
F [f ace2] = f alse
ascending manif old label[f ace1] = label n
ascending manif old label[f ace2] = label n
label n + +
else if f ace1 == f alse && f ace2 == f alse then
add(e, preserved list)
else if f ace1 == f alse then
Collapse(e)
ascending manif old label[f ace1] = ascending manif old label[f ace2]
else if f ace2 == f alse then
Collapse(e)
ascending manif old label[f ace1] = ascending manif old label[f ace2]
end if
end for
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To simplify the Morse complex computed in the previous sub-section, I will create
a new complex in which all faces with the same label (belonging to the same ascending
manifold) will be considered as one “super-face”. Further the edges in the simplified
complex will merge all edges of the Morse complex that have the same neighboring
faces to a single “super-edge”. The previous algorithm for Morse complex extraction
is then re-run on the new complex consisting of super-faces and super-edges.
Before one can re-run Morse complex extraction on the simplified “super-complex”,
one needs to first re-assign weights to the super-edges. The algorithm to do this is
shown in Algorithm 11. Algorithm 11 is used at the end of every Morse complex
extraction to generate the complex for next iteration.
Algorithm 11 Weighting of Superedges
1: f aces group = Morse cell of faces
2: edges group = Morse cell of edges
3: edges group weight = average weight of edges in every group
4: edges group count = total number of edges in every group
5: preserved list = list of preserved edges in previous iteration
for each e ∈ preserved list do
id = EdgesGrouping(e)
edges group weight[id]+ = edge weight[e]
edges group count+ = 1
end for
for i = 0 to size(edges group weight) do
group weight[i]
12:
edges group weight[i] = wedges
edges group count[i]
13: end for
6:
7:
8:
9:
10:
11:

Rather than explicitly constructing a new complex for the “super-complex”, I
now describe how with the use of some simple data structures, one can implicitly
manipulate and keep track of super-faces and super-edges in super-complex when the
Morse complex extraction is run on the super-complex. The data structure members
will just indicate whether a face group ( representing an ascending manifold, i.e.,
super-face ) has been removed in the re-run of Morse complex extraction on the
simplified complex. The data structures are:
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 faces group ( size: number of labels , type: 1D boolean array ): This vector

is used to indicate whether each super-face (a group of faces) has been removed
in the Morse complex extraction of the simplified complex. The length of this
vector is the number of face labels in the previous iteration of Morse complex
extraction, i.e., the number of ascending manifolds. The vector value indicates
whether the faces group is active or removed during Morse complex extraction.
Initially, all faces will be set to true. The vector index is the ID number of face
labels (ascending manifolds) coming from the previous iteration.
 edges group ( size: computed as below, type: 1D boolean array ): This vector is

used to indicate whether each super-edge ( a group edges ) with same adjacent
face labels has been removed or not during Morse complex extraction. The
vector value indicates whether an edges group is removed or not. Initially, all
edges group will be set to true.
 edges group weight ( size: same as the size of edges group, type: 1D float

array): This vector is used to store the weight of the edges group. The weight
is calculated as the average of the weight of the edges in edges group.
Now, I introduce the implementation of the complete algorithm for simplification
(see Figure 4.5 for an example of the simplification process). The algorithm consists of
an iterative loop with two major parts. The first part calls Morse complex extraction,
and the second part performs the simplified complex. Note that the Morse complex
extraction now also inputs the data structures discussed above ( I do not explicitly
change the Morse complex routine - Algorithm 10 to deal with these groups, since this
is quite obvious ). This loop is iterated until only a single boundary curve remains,
which means there are only two faces. Since I remove edges one at a time, one will
always obtain the case when there are just two faces and one edge, provided that at
least two minima exist in the Euclidean minimal path length. This is true assuming
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Figure 4.5: Example highest maximal curves extraction of cubical complex (iterative
Morse complex simplification). [Left]: Cubical complex in 2D. [Middle]: Maximal
curves after first iteration. [Right]: Highest maximal curves in final iteration, and
final simplfied complex consisting of two “super-faces” and one “super-edge”.
a volcano-like structure that is produced by the Euclidean minimal path distance as
discussed in Chapter 3. This is introduced in Algorithm 12.
Algorithm 12 Implementation of Simplification
1: E = edges vector
2: F = faces vector
3: f aces group = Morse cell of faces
4: edges group = Morse cell of edges
5: preserved list = list of preserved edges in previous iteration
[preserved list, ascending manif old label] =MorseComplexExtraction(E,F)
while preserved list contain 3-degree manifold do
=MorseComplexExtraction(
[preserved list, ascending manif old label]
edges group,faces group)
9:
[edges group, f aces group] =SimplifyComplex(preserved list,ascending manifold label)
10: end while
6:
7:
8:

4.4

Generalized Minima Surface Extraction Implementation

Based on the fact that a generalized minima is just a generalized maxima of the
negative of the function (see Figure 4.6), the algorithm for extracting the generalized
minima surface will essentially be identical to that of extracting maximal curves,
but in one higher dimension. Thus, instead of processing edges on the heap for
maximal curve extraction, one instead places 2-faces on the heap, and instead of
removing edge-face pairs, one removes face-cube pairs. Also, the sort of faces will be
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Figure 4.6: Generalized minima of a function are generalized maxima of the negative
function. [Left]: Generalized 1-dim minima. [Right]: Generalized 1-dim maxima.
from maximum to minimum rather than sorting edges from minimum to maximum
in the case of maximal curve extraction. Moreover, as seen in Chapter 3, for the
case of open surface extraction, one does not require any simplification after the first
pass of collapse operations. For the case of closed surfaces and cylindrical surfaces,
additional passes are required. The last change is that the sorting of faces based
on Fast Marching distance, rather than the minimal path Euclidean length. The
steps of the algorithm for generalized minima surface extraction are presented in
Algorithm 13.
Algorithm 13 Generalized Minima Surface Extraction (Implementation)
1: F = faces vector
2: C = cubes vector
3: sorted indices = result of sorting faces
4:
5:
6:
7:
8:
9:
10:

sorted indices = GenerateF acesW eightsAndSort()
for each f (f ace) ∈ sorted indices do
face=IsFree(face)
if f ace 6= f alse then
Collapse(face)
end if
end for

111

Chapter 5
Experiments and Evaluation

In this chapter, I present the evaluation of my methods both quantitatively and qualitatively and compare with competing methods. I start by introducing the quantitative
evaluation methodology. Then, three datasets are presented for the evaluation. The
first dataset is a synthetic dataset. The primary goal of the synthetic dataset is to
show that my method works for very convoluted surfaces without any compromise
to the accuracy of the method. The second dataset was obtained from geophysics
domain for extracting fault surfaces from seismic data. The primary goal is to compare my method to the state-of-the-art method in this domain (Crease Surfaces [1]).
Finally, the third dataset is from medical image domain. This is to extract fissure
surfaces of the lung from CT dataset. Each of these structures will be described
briefly in subsequent sub-sections.

5.1

Datasets and Parameters

I evaluate the method on three datasets of 3D images, described below.
Synthetic Dataset: I construct a synthetic dataset consisting of 20 different
surfaces with boundary at three different image resolutions, 100 × 100 × 100, 500 ×
500×500 and 800×800×800. Each of the surfaces have different 3D boundary curves
of different shape, and surfaces that have various degrees of coarse and fine features.
Example surfaces are shown in Figure 5.1. The images are formed by setting pixels
not within distance 1 to the surface to 1 and all other pixels to 0. The surfaces meshes
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Figure 5.1: Example surfaces in the synthetic dataset. Each surface has a different
boundary curve, and the surfaces are of different shape, exhibiting various degrees of
randomness.
are downsampled for the lower resolution images. Noise with level σ = 0.1 is then
added to the images.
Seismic Dataset: Seismic images are formed from measurements of seismic
pulses reflected back from the earth’s sub-surface. They are 3D images, and are
used to measure geological structures. I have a dataset of three volumes with dimensions 463 × 951 × 651. The goal is to extract fault surfaces, which form free-boundary
surfaces within the volume. Faults may have significant curvature, and the boundaries are non-planar. The images are cluttered and noisy, and faults can be found by
locating discontinuities, which is difficult due to subtle edges. Each image consists of
multiple faults. I have obtained ground truth segmentations (human annotated) of
two faults within each image for each slice.
Lung CT Dataset: I use a dataset of 10 3D computed tomography (CT) of the
lung of cancer patients from the Cancer Imaging Archive (TCIA) [97]. Each image
has size 512×512×Z, where Z varies between 300 and 700, depending on the patient.
The goal is to segment lung fissures (e.g., [98, 99]), which are the boundaries between
sections of the lung. They are very thin, subtle structures, and form free-boundary
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surfaces. Each of the lung fissures in each image is human annotated, for every slice.
Parameters: The algorithm, given the local surface likelihood φ, requires only
one parameter, the threshold on the cut cost. In all experiments, I choose this to be
T = 5. This is not sensitive to the data, and I will show an experiment later for lack
of sensitivity to this parameter.

5.2

Evaluation Methodology

I validate the results with quantification measures for both the accuracy of the surface
boundary and the surface using quantities analogous to the precision, recall, and Fmeasure. I represent the surface and its boundary as voxels. Let Sr denote the surface
returned by an algorithm and let Sgt be the ground truth surface. Denote by ∂Sr and
∂Sgt the respective boundaries. I define

N (r → gt) = |{v ∈ Sr : dSgt (v) < ε}|
N (gt → r) = |{v ∈ Sgt : dSr (v) < ε}|
PS = N (r → gt)/|Sr |,
RS = N (gt → r)/|Sgt |,
FS = 2PS RS /(PS + RS )
GT Cov. = (N (r → gt) + N (gt → r))/(|Sr | + |Sgt |)

where dS (v) denotes the distance between v and the closet point to S using Euclidean
distance, | · | denotes the number of elements of the set, and ε > 0. The precision
measures how close the returned surface matches to the ground truth surface. The
recall defined above measures how close the ground truth matches to the surface.
The F -measure provides a single quantity summarizing both precision and recall.
GT-Cov. is another metric summarizing both the precision and recall. All quantities
are between 0 and 1 (higher is more accurate). The precision and recall are similar
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to accuracy and completness for closed surfaces in evaluating stereo reconstruction
algorithms [100]. I similarly define precision P∂S , recall R∂S and F -measure for ∂Sr
and ∂Sgt using the same formulas but with the surfaces replaced with their boundaries.
I set ε = 3 to account for inaccuracies in the human annotation.

5.3
5.3.1

Evaluation
Synthetic Data: Surface Extraction Given Boundary

I first evaluate three methods for surface extraction given a 3D-boundary curve of
the surface, discrete-minimal surface computed with linear programming (LP) [9],
discrete-minimal surface approximated with Minimum-Cost Network Flow (MCNF)
[9, 46, 101, 102], and the surface extraction, described in Section 3.3. I use Gurobi’s
state-of-the-art linear programming implementation, to implement LP. I use the
Lemon library [103] to implement MCNF. There are no other methods that solve
this problem. I choose φ to be the image. All methods are provided the ground truth
3D boundary curves. I evaluate the methods in terms of computational time, and in
terms of surface accuracy. A summary of results are provided in Table 5.1. Average
of results over all the images are provided. My method is computationally faster than
all other methods at all resolutions. LP is unable to perform in a reasonable time
frame for images sizes above 1003 , and MCNF is unable to perform for image sizes
above 5003 . At all resolutions, my method is faster. Speeds are reported on a single
Pentium 2.3 GHz processor. The accuracy of my method is also the highest on all
measures, but all have similar accuracies. The advantage of my method is clearly
speed, and ability to deal with high-resolution images. Note that the analysis was
not extended to the real datasets as they have high resolution, making it too computationally expensive to test, and down-sampling the images destroys the structures
to be extracted.
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Table 5.1: Comparison of methods for surface extraction given the surface boundary
on the synthetic dataset. Speed (in seconds), surface precision (P), recall (R), Fmeasure (F), and ground truth covering (GT-cov) are reported. Higher P, R, F,
GT-Cov. indicate better fidelity to the ground truth.
100 × 100 × 100 pixel images
Method
LP
MCNF
Surfcut

Time
1167
12.75
1.87

F
0.93±0.01
0.92±0.01
0.95±0.02

GT-Cov.
0.94±0.01
0.90±0.01
0.95±0.02

P
0.91±0.02
0.93±0.01
0.96±0.02

R
0.96±0.01
0.92±0.02
0.94±0.03

500 × 500 × 500 pixel images
Method
LP
MCNF
Surfcut

Time
>24hr
35614
421

F
NA
0.94±0.01
0.96±0.01

GT-Cov.
NA
0.92±0.01
0.96±0.01

P
NA
0.94±0.01
0.97±0.01

R
NA
0.93±0.01
0.94±0.01

800 × 800 × 800 pixel images
Method
LP
MCNF
Surfcut

5.3.2

Time
>24hr
>24hr
2227

F
NA
NA
0.96±0.01

GT-Cov.
NA
NA
0.97±0.01

P
NA
NA
0.98±0.01

R
NA
NA
0.95±0.02

Seismic Data: Surface and Boundary Extraction

I now compare against the competing method for free boundary surface extraction.
To the best of my knowledge, there is no other general algorithm that extracts both
the boundary of the free-surface and the surface given a seed point. Therefore, I
compare the method in an interactive setting and automated setting (with seed points
automatically initialized) to Crease Surfaces [1]. It computes the smoothed Hessian
of φ, and computes a modified matrix based on the relative difference in the first
and second highest eigenvalues. It then forms the surface by determining locations
where the eigenvector aligns with the gradient, and constructs connected surfaces.
In an interactive setting, I choose the surface returned by [1] that is near to the
user-provided seed point (and best fits ground truth) to provide a comparison to my
method. In an automated setting, I use a seed point extraction algorithm (described
later) to initialize the surface extraction.
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Figure 5.2: Quantitative Analysis of Smoothing Parameter Boundary (left)
and surface (right) F-measure versus smoothing degradations for my method and [1].
I choose φ(x) to be the semblance measure in [10]; this along with [1] is state-ofthe-art for seismic data.
Robustness to Smoothing Degradations: The semblance φ contains a smoothing parameter, which must be tuned to achieve a desirable segmentation. Therefore,
it is important that the surface extraction algorithm be robust to changes in the
parameter of the likelihood. Thus, I evaluate my algorithm as I vary the smoothing
parameter. The smoothing parameter is varied from σ = 0, 2, 3, . . . , 14. I initialize
my algorithm with a user specified seed point. Quantitative results are shown in
Figure 5.2, where I plot the F-measure versus the smoothing amount both in terms
of surface and boundary measures. Some visual results of the surfaces are shown in
Figure 5.3. Notice my method degrades only gradually and maintains consistently
high accuracy in both measures in contrast to [1].
Robustness to Noise: In applications, the image may be distorted by noise
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Crease Surface (for increasing smoothing parameter → )

SurfCut

Ground Truth

Figure 5.3: Qualitative Analysis of Smoothing Parameter. Results displayed
by varying the parameter in φ (larger towards the right). Surfaces extracted by Crease
surfaces and my method are displayed with the ground truth.
(this is the case in seismic images where the SNR may be low), and thus I evaluate
my algorithm as I add noise to the image, and I fix the smoothing parameter of the
semblance φ(x) to the one with highest F-measure in the previous experiment. I
choose noise levels as follows: σ 2 = 0, 0.05, . . . , 0.5. Quantitative results are shown in
Figure 5.4, and some visualizations of the surfaces are shown in Figure 5.5. Results
show that my method consistently returns an accurate result in both measures, and
degrades only slightly.
Slice-wise Validation: I now show some visual validation of my method by
showing that the surface intersects with slices of the image in locations where there
is a fault, and thus the value of φ is low. This is shown in Figure 5.6.
Robustness to Seed-Point Location: I demonstrate that my surface extraction
method is robust to the choice of the seed point location. To this end, I randomly
sample 30 points (with high local likelihood) from the ground truth surface. I use
each of the points as seed points to initialize my algorithm. I measure the boundary
and surface accuracy for each of the extracted surfaces. Results are displayed in
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Figure 5.4: Quantitative Analysis of Noise Degradations Boundary (left) and
surface (right) F-measure versus the noise degradation plots for my method and [1].

Crease Surface (for increasing noise →)

SurfCut

Ground Truth

Figure 5.5: Qualitative Analysis of Noise Degradations. Results displayed by
varying the additive noise to φ (larger towards the right). Surfaces extracted by
Crease surfaces and my method are displayed with the ground truth.
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Figure 5.6: Slice-wise Validation on Seismic Data: [Left column]: Slices corresponding to x-y, x-z, and y-z planes, [Middle, left]: Local surface likelihood (1/φ),
[Middle right]: Intersection of SurfCut result (green) with slice, [Right column]: surface from SurfCut at certain viewpoint.

120

Figure 5.7: Robustness to Seed Point Choice: [Left]: A visualization of the seed
points chosen. [Right]: Boundary F-measure versus various seed point indices. The
same boundary and surface accuracy is maintained no matter the seed point location.
Figure 5.7. They show my algorithms consistently returns a boundary and surface of
similar accuracy regardless of the seed point location.
Robustness to Seed-Point Location: I analyze the sensitivity of the parameter
of my algorithm - the threshold on the average cut cost in the surface boundary
extraction. To this end, I run my algorithm with varying thresholds from T =
0, 1, . . . , 20, and then measure the accuracy of the boundary curve and then the
extracted surface. The results are displayed in Figure 5.8. This shows that a wide
range of thresholds produces nearly identical results.
Robustness to CUSUM Threshold: In practice, the threshold for the CUSUM
algorithm for terminating the front propagation should be relative to the quantity
∆D, the increment of the threshold for the distance function U in Section 3.2. In
particular, larger values imply that the distance between adjacent curves would be
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Figure 5.8: Quantitative Analysis of Sensitivity of Threshold This analyzes
the sensitivity of the boundary curve extraction to the threshold on the average cut
cost to stop the algorithm. The accuracy of the boundary and surface measured by
F-measure versus various thresholds is plotted.
larger. The exact relation comes from the eikonal equation, which can be written as
∂U
∂N

= φ, where N is the outward normal. This can be used to find ∆DE = ∆D/φ,

where ∆DE is the Euclidean distance between adjacent curves. Therefore, in practice,
the threshold should be set T ∈ ∆D × [1/φmax , 1/φmin ], where φmin (φmax ) is the
minimum (maximum) value of φ. The exact value would need to be set via a training
set and procedure. Figure 5.8 shows the algorithm functions well for a thresholds in
a wide range.
Analysis of Automated Algorithm: Even though the contribution is in the
surface and boundary extraction from a seed point, I show with a seed point initialization, the method can be automated. I initialize the algorithm with a simple
automated detection of seeds points. I extract seed points by finding extrema of
the Hessian and then running a piece-wise planar segmentation of these points using
RANSAC [104] successively; the point on each of the segments located closest to other
points on the segment are seed points. This operates under the assumption that the
surfaces are roughly planar. If not, there could possibly be redundant seed points
on the same surface, which would result in repetitions in surfaces in my final output.
This could easily be filtered out. I run the boundary curve extraction followed by sur-
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Figure 5.9: Example result in an automated setting. [Left]: Result by Crease Surfaces,
which contains holes and incorrectly detects clutter (top, red) due to noise in the
data. [Right]: Results of SurfCut, which extracts the correct number of surfaces and
produces smooth simple surfaces.
face extraction for each of the seed points on the original datasets. I compare to [1].
There are 6 ground truth surfaces in this dataset. The algorithm correctly extracts
6 surfaces, while [1] extracts 4 surfaces (2 pairs of faults are merged together each
as a single connected component). Results on a dataset are visualized in Figure 5.9
(each connected component in different color). Notice that Crease Surfaces has holes,
captures clutter, and connects separate faults.
Computational Cost of Automated Algorithm: I analyze run-times on a
dataset of size 463 × 951 × 651. The run-time of the algorithm depends on the size
of the surface. To extract one surface, the algorithm takes on average 10 minutes
(9 minutes for the boundary extraction and 1 minute for the surface extraction).
Automated seed point extraction takes about 3 minutes. Therefore, the total cost
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of the algorithm for extracting 6 faults is about 1 hour. I note that after seed point
extraction, the computation of surfaces can be parallelized. In comparison, [1] takes
about 2 hours on the same dataset. Speeds are reported on a single Pentium 2.3 GHz
processor. The accuracy of my method is also the highest on all measures, but all
have similar accuracies. The advantage of my method is clearly speed, and ability
to deal with high-resolution images. Note that the analysis was not extended to the
real datasets as they have high resolution, making it too computationally expensive
to test, and down-sampling the images destroys the structures to be extracted.

5.3.3

Lung CT Data: Surface and Boundary Extraction

I now compare to Crease Surfaces for the Lung CT dataset. I compare the methods
under the settings described in the previous section. For medical data, I modify
the matrix based on the Hessian in Crease Surfaces to another matrix based on
closeness to a plate-like structure as common in lung fissure detection [105, 106,
99]. State-of-the-art methods in fissure extraction use a method similar to Crease
surfaces to extract the surface. I choose φ to be the plate-ness measure in the method.
Quantitative results on the entire dataset are summarized in Table 5.2. Both in terms
of surface and boundary accuracy, the method is more accurate with respect to all
measures. Visual validation of the method on slice-wise views of the surface and
image is shown in Figure 5.10. Some visualizations of the surface results are shown in
Figure 5.11. Various slices are shown to help visualize features of the image. Crease
surface generates surfaces with incorrect holes and many times cannot capture the
entire fissure, hence low recall and precision on the boundary metrics. SurfCut does
not contain any holes and accurately captures very fine and thin structures near the
boundaries of the fissures.
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Table 5.2: Quantitative Evaluation on Lung Dataset. Comparison of methods
in terms of surface and boundary accuracy. Precision (P), recall (R), F-measure (F),
and ground truth covering (GT-cov) are reported. Higher P, R, F, GT-Cov. indicate
better fidelity to the ground truth.

Method
Crease Surfaces
Surfcut

Surface accuracy
F
GT-Cov.
P
R
0.76±0.08
0.70±0.10
0.67±0.11
0.91±0.06
0.91±0.04 0.87±0.06 0.86±0.06 0.95±0.02

Method
Crease Surfaces
Surfcut

Boundary accuracy
F
GT-Cov.
P
R
0.70±0.11
0.72±0.08
0.69±0.10
0.71±0.12
0.86±0.04 0.86±0.06 0.85±0.06 0.87±0.05

Figure 5.10: Slice-wise Validation in Lung CT Dataset. [Top]: Various slices
of an image of a patient, [Bottom]: Surface generated with SurfCut intersected with
the slice above (green) superimposed on the slice. Notice the structure of interest is
a subtle thin lines in the slices (top).
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Ground Truth

Crease Surface

SurfCut

Figure 5.11: Qualitative Results on Lung CT. Columns show the surfaces on the
same slice on the same patient for various methods. Moving through a row shows the
surface for different patients and a slice of the image is shown for various different
slices. SurfCut extracts more of the fine structure of the fissures, better estimates the
boundary and recovers more of the surfaces than Crease surfaces.
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Chapter 6
Conclusion and Future Work

6.1

Conclusion

A general method for extracting a smooth and simple (without holes) surface with
unknown boundary in a 3D image with noisy local measurements of the surface, e.g.,
edges has been introduced. The novel method takes as input a single seed point
and extracts the unknown boundary that may lie in 3D. It then uses this boundary
curve to determine the entire surface efficiently. I have demonstrated with extensive experiments on noisy and corrupted data with possible interruptions that the
method accurately determines both the boundary and the surface, and the method is
robust to seed point choice. In comparison to an approach which extracts connected
components of edges in 3D images, the method is more accurate in both surface and
boundary measures. The computational cost of the algorithm is less than competing approaches. The specific contributions of this thesis are listed in the following
paragraphs.
The first part of the algorithm extracts the boundary curve of open surfaces given
only a seed point selected by the user anywhere on the surface. This is In contrast
to all other globally optimal methods for open surface extraction that require a full
boundary curve as input. This is very tedious in practice to input by hand. Input of
only one seed point is a great advancement of the literature. Furthermore, the seed
point extraction can be automated by algorithms that are in development as future
work. The proposed method is the first method that can extract the boundary curve
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automatically given a seed point as input.
Given the boundary curve which is automatically extracted, I introduced an efficient algorithm to obtain a free-boundary surface. Unlike all other globally optimal
methods, the method has shown an unprecedented result in terms of speed without
any sacrifices to accuracy. In fact, other globally optimal methods suffer greatly from
slow computation time especially as the data grows. As was shown in experiments,
the computation time increases exponentially for those prior methods, which is not
the case for the method presented in this thesis.
The developed methods are based on techniques in minimal path theory, the
Morse theory, and computational topology. These theories allow for the design of
a principled algorithm which is robust to noise and can handle complex topology.
Specifically, I have exploited the Morse complex to extract both curves and surfaces
from 3D volumetric data. I have also made use of cubical complexes to guarantee
topological properties of the desired solution. To the best of my knowledge, this is the
first work to develop a mathematical framework for surface extraction using concepts
from Morse theory.
Moreover, I have conducted extensive experiments to show the advantages of my
methods. I have demonstrated that my method is the most practical choice in comparison to minimal surface approaches. Particularly, I compare to minimal surface
formulated as a linear program and also as an MCNF (minimum cost flow networks).
I have shown much better results for computation time and accuracy. Also, I have
tested my method in two important real applications. First, for fault surface extraction from 3D seismic data. I have compared my method against the state of the art
method in this domain, namely, crease surface extraction method. I have shown better results in terms of the accuracy of both boundary and the surface. For the second
application from medical images, I have compared my method to Crease Surfaces for
lung fissure extraction in CT data. I also have demonstrated a better result in this
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domain.
Furthermore, I have shown that the framework developed is general and not limited to specific surface topologies. It applies to multiple topologies such as open surfaces, closed surfaces and cylindrical topology surfaces (unlike other methods, which
only deal with a particular topology and the methods each have different a mathematical framework). Moreover, the methods apply to other imaging modalities as
well. Throughout this thesis, I have shown several examples from geophysical 3D
seismic data and medical images such as CT and MRI.

6.2

Future Work

Although the main focus of the thesis has been free-boundary surface extraction, I
did show the promise of the methodologies to other surface topologies. I have shown
some preliminary results of applying the current algorithms to other topologies such as
closed surface and cylindrical topology on synthetic data. In future, one could apply
the algorithms to real data examples in medical applications and other domains and
to compare with competing approaches in the respective field. I believe there would
be a great advantage over Graph Cuts in terms of speed, and preliminary experiments
indicate that my methodology is more robust with respect to the the attribute choice.
In the 3D seismic image interpretation area of applications, there are several
geological structures to extract using the current framework such as salt diapers,
horizons, channels, etc. In fact, this is a very active research area for detecting and
extracting such geological structures due to various challenges such as signal to noise
level. An accurate algorithm to do so is a long-standing problem for many of the
structurally and stratigraphically complex-to-interpret seismic structures. Since the
method is general enough to deal with different topologies and robust enough to
handle noise, one could use and customize the current framework to extract these
geological structures.
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Moreover, an essential ingredient of object extraction system is to provide interactive tools to enable editing and adjusting results to the desired level of accuracy.
An advantage of this framework is that it is straightforward to edit the data by
adding additional seed points to drive the surface to go through pre-specified locations. Therefore, another area for future work is to develop efficient tools to make
a users life easier and surface extraction a rapid process. Currently, users both in
the domain of medicine and seismic interpretation would greatly appreciate having
surface segmentation tools that with a few mouse clicks could obtain the desired system. It is believed that fully automated tools are still too lofty a goal, and thus a
convenient user interactive approach would certainly bring tremendous progress to
those two fields.
Currently, the algorithm requires a seed point as an input for each surface. An area
of future work is to automate the generation of seed points so that it can be used as a
fully automated system to extract open surfaces from images such as seismic images.
Current tools do not provide a robust method to find seed points only belonging
to a single surface such that each surface will have a single seed point chosen and
no surface is missing. Therefore, development of automated seed point extraction is
certainly an area for future work. I have shown a possible technique in which one can
build from in the previous chapter.
In this thesis, I focused on structured data (3D images). The algorithm might have
useful applications in non-structured data such as point clouds for surface extraction.
Moreover, the algorithm can be explored for mesh processing and segmentation applications as non-structured data. Many of the algorithms and techniques presented
in this thesis generalize to mesh-data, such as surface reconstruction.
The method also applies to the detection of curves in 2D images, as the algorithm
applies to critical structures in any dimension. Since the method produces smooth
curves, I believe it would improve edge detection, which is a great challenge in com-
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puter vision. Existing algorithms produce gaps in edges, which is problematic since it
is difficult to form a segmentation with gaps. The algorithm is robust to interruptions
produced by fine features in images. Future work could be to see if the method is
feasible in this area. Other methods tend to operate in a heuristic manner that leads
to missing some structures for example in edge extraction in 2D. If a robust cost
function is employed and a reasonable criterion for an iterative algorithm is designed,
it might result in a better detection due to computational topology used.
In this thesis, I have used the Fast Marching algorithm to compute geodesic distance. This acts mostly as a cost function which turns out to be robust and fast.
There are recent developments for computing Fast Marching with higher speed but
many times with approximate results. Also, higher accuracy Fast Marching is developed for anisotropic cases. These methods are worthy of further investigation as a
better output of Fast Marching improves both computation and accuracy of the developed method. There are also other distance transforms that may not be geodesic
distance that might be worth trying out.
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